
C H A P T E R 4

Differentiation

Differentiation originated in connection with the problems of drawing tan-
gents to curves and of finding maxima and minima of functions. Pierre

Ž .de Fermat 1601�1665 , the founder of the modern theory of numbers, is
credited with having put forth the main ideas on which differential calculus
is based.

In this chapter, we shall introduce the notion of differentiation and study
its applications in the determination of maxima and minima of functions. We
shall restrict our attention to real-valued functions defined on R, the set of
real numbers. The study of differentiation in connection with multivariable

n Ž .functions, that is, functions defined on R nG1 , will be considered in
Chapter 7.

4.1. THE DERIVATIVE OF A FUNCTION

The notion of differentiation was motivated by the need to find the tangent
to a curve at a given point. Fermat’s approach to this problem was inspired by
a geometric reasoning. His method uses the idea of a tangent as the limiting
position of a secant when two of its points of intersection with the curve tend
to coincide. This has lead to the modern notation associated with the
derivative of a function, which we now introduce.

Ž . Ž .Definition 4.1.1. Let f x be a function defined in a neighborhood N xr 0
of a point x . Consider the ratio0

f x qh y f xŽ . Ž .0 0
� h s , 4.1Ž . Ž .

h

Ž .where h is a nonzero increment of x such that yr�h� r. If � h has a0
Ž .limit as h™0, then this limit is called the derivative of f x at x and is0
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Ž .denoted by f � x . It is also common to use the notation0

df xŽ .
s f � x .Ž .0

xsxdx 0

We thus have

f x qh y f xŽ . Ž .0 0
f � x s lim . 4.2Ž . Ž .0 hh™0

Ž .By putting xsx qh, formula 4.2 can be written as0

f x y f xŽ . Ž .0
f � x s lim .Ž .0 xyxx™x 0 0

Ž . Ž .If f � x exists, then f x is said to be differentiable at xsx . Geometri-0 0
Ž . Ž .cally, f � x is the slope of the tangent to the graph of the function ys f x0

Ž . Ž . Ž .at the point x , y , where y s f x . If f x has a derivative at every point0 0 0 0
Ž .of a set D, then f x is said to be differentiable on D.

Ž .It is important to note that in order for f � x to exist, the left-sided and0
Ž . Ž .right-sided limits of � h in formula 4.1 must exist and be equal as h™0,

or as x approaches x from either side. It is possible to consider only0
Ž .one-sided derivatives at xsx . These occur when � h has just a one-sided0

limit as h™0. We shall not, however, concern ourselves with such deriva-
tives in this chapter. �

Functions that are differentiable at a point must necessarily be continuous
there. This will be shown in the next theorem.

Ž .Theorem 4.1.1. Let f x be defined in a neighborhood of a point x . If0
Ž .f x has a derivative at x , then it must be continuous at x .0 0

Proof. From Definition 4.1.1 we can write

f x qh y f x sh� h .Ž . Ž . Ž .0 0

Ž . Ž . Ž .If the derivative of f x exists at x , then � h ™ f � x as h™0. It follows0 0
Ž .from Theorem 3.2.1 2 that

f x qh y f x ™0Ž . Ž .0 0

as h™0. Thus for a given ��0 there exists a ��0 such that

f x qh y f x ��Ž . Ž .0 0

� � Ž .if h �� . This indicates that f x is continuous at x . �0
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It should be noted that even though continuity is a necessary condition for
differentiability, it is not a sufficient condition, as can be seen from the

Ž .following example: Let f x be defined as

1°
x sin , x�0,~f x sŽ . x¢
0, xs0.

Ž . Ž .This function is continuous at xs0, since f 0 s lim f x s0 by the factx™ 0
that

1
� �x sin F x

x

Ž .for all x. However, f x is not differentiable at xs0. This is because when
xs0,

f h y f 0Ž . Ž .
� h sŽ .

h

1
h sin y0

h
s , since h�0,

h

1
ssin ,

h

Ž .which does not have a limit as h™0. Hence, f � 0 does not exist.
Ž . Ž .If f x is differentiable on a set D, then f � x is a function defined on D.

Ž .In the event f � x itself is differentiable on D, then its derivative is called the
Ž . Ž .second derivative of f x and is denoted by f � x . It is also common to use

the notation

d2 f xŽ .
s f � x .Ž .2dx

Ž . Ž .By the same token, we can define the nth nG2 derivative of f x as the
Ž . Ž .derivative of the ny1 st derivative of f x . We denote this derivative by

dn f xŽ .
Žn.s f x , ns2, 3, . . . .Ž .ndx

We shall now discuss some rules that pertain to differentiation. The
reader is expected to know how to differentiate certain elementary functions
such as polynomial, exponential, and trigonometric functions.
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Ž . Ž .Theorem 4.1.2. Let f x and g x be defined and differentiable on a
set D. Then

w Ž . Ž .x Ž . Ž .1. � f x q� g x �s� f � x q� g � x , where � and � are constants.
w Ž . Ž .x Ž . Ž . Ž . Ž .2. f x g x �s f � x g x q f x g � x .
w Ž . Ž .x w Ž . Ž . Ž . Ž .x 2Ž . Ž .3. f x rg x �s f � x g x y f x g � x rg x if g x �0.

Ž . Ž .Proof. The proof of 1 is straightforward. To prove 2 we write

f xqh g xqh y f x g xŽ . Ž . Ž . Ž .
lim

hh™0

f xqh y f x g xqh q f x g xqh yg xŽ . Ž . Ž . Ž . Ž . Ž .
s lim

hh™0

f xqh y f xŽ . Ž .
s lim g xqh limŽ .

hh™0 h™0

g xqh yg xŽ . Ž .
q f x lim .Ž .

hh™0

Ž . Ž . Ž . ŽHowever, lim g xqh sg x , since g x is continuous because it ish™ 0
.differentiable . Hence,

f xqh g xqh y f x g xŽ . Ž . Ž . Ž .
lim sg x f � x q f x g � x .Ž . Ž . Ž . Ž .

hh™0

Ž .Now, to prove 3 we write

f xqh rg xqh y f x rg xŽ . Ž . Ž . Ž .
lim

hh™0

g x f xqh y f x g xqhŽ . Ž . Ž . Ž .
s lim

hg x g xqhh™0 Ž . Ž .

g x f xqh y f x y f x g xqh yg xŽ . Ž . Ž . Ž . Ž . Ž .
s lim

hg x g xqhh™0 Ž . Ž .

lim g x f xqh y f x rhy f x g xqh yg x rh� 4Ž . Ž . Ž . Ž . Ž . Ž .h™ 0
s

g x lim g xqhŽ . Ž .h™ 0

g x f � x y f x g � xŽ . Ž . Ž . Ž .
s . �2g xŽ .
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Ž .Theorem 4.1.3 The Chain Rule . Let f : D ™R and g : D ™R be two1 2
Ž . Ž . Ž .functions. Suppose that f D ;D . If f x is differentiable on D and g x1 2 1

Ž . w Ž .xis differentiable on D , then the composite function h x sg f x is differ-2
entiable on D , and1

dg f x dg f x df xŽ . Ž . Ž .
s .

dx df x dxŽ .

Ž . Ž . Ž .Proof. Let zs f x and ts f xqh . By the fact that g z is differentiable
we can write

g f xqh yg f x sg t yg zŽ . Ž . Ž . Ž .

s tyz g � z qo tyz , 4.3Ž . Ž . Ž . Ž .

where, if we recall, the o-notation was introduced in Section 3.3. We then
have

g f xqh yg f x tyz o tyz tyzŽ . Ž . Ž .
s g � z q 	 . 4.4Ž . Ž .

h h tyz h

As h™0, t™z, and hence

tyz f xqh y f x df xŽ . Ž . Ž .
lim s lim s .

h h dxh™0 h™0

Ž .Now, by taking the limits of both sides of 4.4 as h™0 and noting that

o tyz o tyzŽ . Ž .
lim s lim s0,

tyz tyzh™0 t™z

we conclude that

dg f x df x dg f xŽ . Ž . Ž .
s . �

dx dx df xŽ .

Ž . Ž .NOTE 4.1.1. We recall that f x must be continuous in order for f � x to
Ž .exist. However, if f � x exists, it does not have to be continuous. Care should

Ž .be exercised when showing that f � x is continuous. For example, let us
consider the function

1° 2x sin , x�0,~f x sŽ . x¢
0, xs0.
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Ž .Suppose that it is desired to show that f � x exists, and if so, to determine if
Ž .it is continuous. To do so, let us first find out if f � x exists at xs0:

f h y f 0Ž . Ž .
f � 0 s limŽ .

hh™0

1
2h sin

h
s lim

hh™0

1
s lim h sin s0.

hh™0

Ž .Thus the derivative of f x exists at xs0 and is equal to zero. For x�0, it is
Ž .clear that the derivative of f x exists. By applying Theorem 4.1.2 and using

Ž .our knowledge of the derivatives of elementary functions, f � x can be
written as

1 1°
2 x sin ycos , x�0,~f � x sŽ . x x¢
0, xs0.

Ž .We note that f � x exists for all x, but is not continuous at xs0, since

1 1
lim f � x s lim 2 x sin ycosŽ . ž /x xx™0 x™0

Ž .does not exist, because cos 1rx has no limit as x™0. However, for any
Ž .nonzero value of x, f � x is continuous.

Ž .If f x is a convex function, then we have the following interesting result,
Žwhose proof can be found in Roberts and Varberg 1973, Theorem C,

.page 7 :

Ž . Ž .Theorem 4.1.4. If f : a, b ™R is convex on the open interval a, b , then
Ž .the set S where f � x fails to exist is either finite or countable. Moreover,

Ž . Ž . Ž .f � x is continuous on a, b yS, the complement of S with respect to a, b .

Ž . � �For example, the function f x s x is convex on R. Its derivatives does
Ž .not exist at xs0 why? , but is continuous everywhere else.
Ž . Ž .The sign of f � x provides information about the behavior of f x in a

neighborhood of x. More specifically, we have the following theorem:

Theorem 4.1.5. Let f : D™R, where D is an open set. Suppose that
Ž . Ž .f � x is positive at a point x gD. Then there is a neighborhood N x ;D0 � 0

Ž . Ž .such that for each x in this neighborhood, f x � f x if x�x , and0 0
Ž . Ž .f x � f x if x�x .0 0
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Ž .Proof. Let �s f � x r2. Then, there exists a ��0 such that0

f x y f xŽ . Ž .0
f � x y�� � f � x q�Ž . Ž .0 0xyx0

� �if xyx �� . Hence, if x�x ,0 0

xyx f � xŽ . Ž .0 0
f x y f x � ,Ž . Ž .0 2

Ž . Ž . Ž .which shows that f x � f x since f � x �0. Furthermore, since0 0

f x y f xŽ . Ž .0
�0,

xyx0

Ž . Ž .then f x � f x if x�x . �0 0

Ž . Ž . Ž .If f � x �0, it can be similarly shown that f x � f x if x�x , and0 0 0
Ž . Ž .f x � f x if x�x .0 0

4.2. THE MEAN VALUE THEOREM

This is one of the most important theorems in differential calculus. It is also
known as the theorem of the mean. Before proving the mean value theorem,
let us prove a special case of it known as Rolle’s theorem.

Ž . Ž .Theorem 4.2.1 Rolle’s Theorem . Let f x be continuous on the closed
w x Ž . Ž . Ž .interval a, b and differentiable on the open interval a, b . If f a s f b ,

Ž .then there exists a point c, a�c�b, such that f � c s0.

Ž . Ž . Ž .Proof. Let d denote the common value of f a and f b . Define h x s
Ž . Ž . Ž . Ž . Ž . Ž .f x yd. Then h a sh b s0. If h x is also zero on a, b , then h� x s0

for a�x�b and the theorem is proved. Let us therefore assume that
Ž . Ž . Ž . w x w Ž .h x �0 for some xg a, b . Since h x is continuous on a, b because f x
xis , then by Corollary 3.4.1 it must achieve its supremum M at a point 
 in

w x w x Ž .a, b , and its infimum m at a point � in a, b . If h x �0 for some
Ž . Ž .xg a, b , then we must obviously have a�
�b, because h x vanishes at

Ž . Ž .both end points. We now claim that h� 
 s0. If h� 
 �0 or �0, then by
Ž . Ž .Theorem 4.1.5, there exists a point x in a neighborhood N 
 ; a, b at1 �1

Ž . Ž . Ž . Ž .which h x �h 
 , a contradiction, since h 
 sM. Thus h� 
 s0, which1
Ž . Ž . Ž . Ž .implies that f � 
 s0, since h� x s f � x for all xg a, b . We can similarly

Ž . Ž . Ž .arrive at the conclusion that f � � s0 if h x �0 for some xg a, b . In this
Ž .case, if h� � �0, then by Theorem 4.1.5 there exists a point x in a neigh-2
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Ž . Ž . Ž . Ž .borhood N � ; a, b at which h x �h � sm, a contradiction, since m� 22
Ž . w xis the infimum of h x over a, b .

Ž . Ž .Thus in both cases, whether h x �0 or �0 for some xg a, b , we must
Ž .have a point c, a�c�b, such that f � c s0. �

Ž .Rolle’s theorem has the following geometric interpretation: If f x satis-
Ž .fies the conditions of Theorem 4.2.1, then the graph of ys f x must have a

tangent line that is parallel to the x-axis at some point c between a and b.
Ž .Note that there can be several points like c inside a, b . For example, the

function ysx 3y5x 2q3 xy1 satisfies the conditions of Rolle’s theorem on
'w x Ž . Ž .the interval a, b , where as0 and bs 5q 13 r2. In this case, f a s

12Ž . Ž .f b sy1, and f � x s3 x y10 xq3 vanishes at xs and xs3.3

Ž . Ž .Theorem 4.2.2 The Mean Value Theorem . If f x is continuous on the
w x Ž .closed interval a, b and differentiable on the open interval a, b , then there

exists a point c, a�c�b, such that

f b s f a q bya f � c .Ž . Ž . Ž . Ž .

Proof. Consider the function

� x s f x y f a yA xya ,Ž . Ž . Ž . Ž .
where

f b y f aŽ . Ž .
As .

bya

Ž . w x Ž .The function � x is continuous on a, b and is differentiable on a, b ,
Ž . Ž . Ž . Ž .since �� x s f � x yA. Furthermore, � a s� b s0. It follows from

Ž .Rolle’s theorem that there exists a point c, a�c�b, such that �� c s0.
Thus,

f b y f aŽ . Ž .
f � c s ,Ž .

bya

which proves the theorem. �

The mean value theorem has also a nice geometric interpretation. If the
Ž .graph of the function ys f x has a tangent line at each point of its length

Ž .between two points P and P see Figure 4.1 , then there must be a point Q1 2
between P and P at which the tangent line is parallel to the secant line1 2
through P and P . Note that there can be several points on the curve1 2
between P and P that have the same property as Q, as can be seen from1 2
Figure 4.1.

The mean value theorem is useful in the derivation of several interesting
results, as will be seen in the remainder of this chapter.
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Figure 4.1. Tangent lines parallel to the se-
cant line.

Ž . Ž . ŽCorollary 4.2.1. If f x has a derivative f � x that is nonnegative non-
. Ž . Ž . Ž .positive on an interval a, b , then f x is monotone increasing decreasing

Ž . Ž . Ž . Ž . Ž .on a, b . If f � x is positive negative on a, b , then f x is strictly
Ž .monotone increasing decreasing there.

Ž .Proof. Let x and x be two points in a, b such that x �x . By the1 2 1 2
mean value theorem, there exists a point x , x �x �x , such that0 1 0 2

f x s f x q x yx f � x .Ž . Ž . Ž . Ž .2 1 2 1 0

Ž . Ž . Ž . Ž .If f � x G0, then f x G f x and f x is monotone increasing. Similarly,0 2 1
Ž . Ž . Ž . Ž .if f � x F0, then f x F f x and f x is monotone decreasing. If, how-0 2 1

Ž . Ž . Ž .ever, f � x �0, or f � x �0 on a, b , then strict monotonicity follows over
Ž .a, b . �

Ž . w xTheorem 4.2.3. If f x is monotone increasing decreasing on an interval
Ž . Ž . Ž . w Ž . x Ž .a, b , and if f x is differentiable there, then f � x G0 f � x F0 on a, b .

Ž . Ž . Ž .Proof. Let x g a, b . There exists a neighborhood N x ; a, b . Then,0 r 0
Ž .for any xgN x such that x�x , the ratior 0 0

f x y f xŽ . Ž .0

xyx0

Ž . Ž . Ž . Ž .is nonnegative. This is true because f x G f x if x�x and f x F f x if0 0 0
Ž .x�x . By taking the limit of this ratio as x™x , we claim that f � x G0. To0 0 0

Ž .prove this claim, suppose that f � x �0. Then there exists a ��0 such that0

f x y f x 1Ž . Ž .0
y f � x �y f � xŽ . Ž .0 0xyx 20
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� �if xyx �� . It follows that0

f x y f x 1Ž . Ž .0
� f � x �0.Ž .0xyx 20

Ž . Ž . Ž .Thus f x � f x if x�x , which is a contradiction. Hence, f � x G0.0 0 0
Ž . Ž .A similar argument can be used to show that f � x F0 when f x is0

monotone decreasing. �

Note that strict monotonicity on a set D does not necessarily imply that
Ž . Ž . Ž . 3f � x �0, or f � x �0, for all x in D. For example, the function f x sx is

Ž .strictly monotone increasing for all x, but f � 0 s0.
Ž .We recall from Theorem 3.5.1 that strict monotonicity of f x is a

sufficient condition for the existence of the inverse function fy1. The next
theorem shows that under certain conditions, fy1 is a differentiable function.

Ž . ŽTheorem 4.2.4. Suppose that f x is strictly monotone increasing or
. w x Ž .decreasing and continuous on an interval a, b . If f � x exists and is

Ž . y1different from zero at x g a, b , then the inverse function f is differen-0
Ž .tiable at y s f x and its derivative is given by0 0

y1df y 1Ž .
s .

dy f � xŽ .ysy 00

y1Ž . Ž .Proof. By Theorem 3.5.2, f y exists and is continuous. Let x g a, b ,0
Ž . Ž . Ž .and let N x ; a, b for some r�0. Then, for any xgN x ,r 0 r 0

fy1 y y fy1 y xyxŽ . Ž .0 0
s

yyy f x y f xŽ . Ž .0 0

1
s , 4.5Ž .

f x y f x r xyxŽ . Ž . Ž .0 0

Ž . y1where ys f x . Now, since both f and f are continuous, then x™x if0
Ž .and only if y™y . By taking the limits of all sides in formula 4.5 , we0

conclude that the derivative of fy1 at y exists and is equal to0

y1df y 1Ž .
s . �

dy f � xŽ .ysy 00

The following theorem gives a more general version of the mean value
theorem. It is due to Augustin-Louis Cauchy and has an important applica-
tion in calculating certain limits, as will be seen later in this chapter.
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Ž . Ž . Ž .Theorem 4.2.5 Cauchy’s Mean Value Theorem . If f x and g x are
w xcontinuous on the closed interval a, b and differentiable on the open

Ž .interval a, b , then there exists a point c, a�c�b, such that

f b y f a g � c s g b yg a f � c ,Ž . Ž . Ž . Ž . Ž . Ž .

Proof. The proof is based on using Rolle’s theorem in a manner similar to
Ž .that of Theorem 4.2.2. Define the function 
 x as


 x s f b y f x g b yg a y f b y f a g b yg x .Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .

w x Ž .This function is continuous on a, b and is differentiable on a, b , since


 � x syf � x g b yg a qg � x f b y f a .Ž . Ž . Ž . Ž . Ž . Ž . Ž .

Ž . Ž .Furthermore, 
 a s
 b s0. Thus by Rolle’s theorem, there exists a point
Ž .c, a�c�b, such that 
 � c s0, that is,

yf � c g b yg a qg � c f b y f a s0. 4.6Ž . Ž . Ž . Ž . Ž . Ž . Ž .

Ž . Ž . Ž . Ž .In particular, if g b yg a �0 and f � x and g � x do not vanish at the
Ž . Ž .same point in a, b , then formula 4.6 an be written as

f � c f b y f aŽ . Ž . Ž .
s . �

g � c g b yg aŽ . Ž . Ž .

An immediate application of this theorem is a very popular method in
calculating the limits of certain ratios of functions. This method is attributed

Ž .to Guillaume Francois Marquis de l’Hospital 1661�1704 and is known as
Ž . Ž .l’Hospital’s rule. It deals with the limit of the ratio f x rg x as x™a when

both the numerator and the denominator tend simultaneously to zero or to
infinity as x™a. In either case, we have what is called an indeterminate
ratio caused by having 0r0 or �r� as x™a.

Ž . Ž . Ž .Theorem 4.2.6 l’Hospital’s Rule . Let f x and g x be continuous on
w x Ž .the closed interval a, b and differentiable on the open interval a, b .

Suppose that we have the following:

Ž . Ž . Ž .1. g x and g � x are not zero at any point inside a, b .
Ž . Ž .q2. lim f � x rg � x exists.x™ a

Ž . Ž . q Ž . Ž . q3. f x ™0 and g x ™0 as x™a , or f x ™� and g x ™� as x™a .

Then,

f x f � xŽ . Ž .
lim s lim .

q qg x g � xŽ . Ž .x™a x™a
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Proof. For the sake of simplicity, we shall drop the q sign from aq and
simply write x™a when x approaches a from the right. Let us consider the
following cases:

Ž . Ž . Ž .CASE 1. f x ™0 and g x ™0 as x™a, where a is finite. Let xg a, b .
w xBy applying Cauchy’s mean value theorem on the interval a, x we get

f x f x y f a f � cŽ . Ž . Ž . Ž .
s s .

g x g x yg a g � cŽ . Ž . Ž . Ž .

Ž . Ž . Ž . Ž .where a�c�x. Note that f a sg a s0, since f x and g x are continu-
ous and their limits are equal to zero when x™a. Now, as x™a, c™a;
hence

f x f � c f � xŽ . Ž . Ž .
lim s lim s lim .

g x g � c g � xx™a c™a x™aŽ . Ž . Ž .

Ž . Ž .CASE 2. f x ™0 and g x ™0 as x™�. Let zs1rx. As x™�, z™0.
Then

f x f zŽ . Ž .1
lim s lim , 4.7Ž .

g x g zx™� z™0Ž . Ž .1

Ž . Ž . Ž . Ž .where f z s f 1rz and g z sg 1rz . These functions are continuous1 1
Ž . Ž . Ž .since f x and g x are, and z�0 as z™0 see Theorem 3.4.2 . Here, we

Ž . Ž . Ž . Ž .find it necessary to set f 0 sg 0 s0 so that f z and g z will be1 1 1 1
continuous at zs0, since their limits are equal to zero. This is equivalent to

Ž . Ž .defining f x and g x to be zero at infinity in the extended real number
system. Furthermore, by the chain rule of Theorem 4.1.3 we have

1
�f z s f � x y ,Ž . Ž .1 2ž /z

1
�g z sg � x y .Ž . Ž .1 2ž /z

If we now apply Case 1, we get

f z f � zŽ . Ž .1 1
lim s lim �g z g zz™0 z™0Ž . Ž .1 1

f � xŽ .
s lim . 4.8Ž .

g � xx™� Ž .
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Ž . Ž .From 4.7 and 4.8 we then conclude that

f x f � xŽ . Ž .
lim s lim .

g x g � xx™� x™�Ž . Ž .

Ž . Ž .CASE 3. f x ™� and g x ™� as x™a, where a is finite. Let
w Ž . Ž .xlim f � x rg � x sL. Then for a given ��0 there exists a ��0 suchx™ a

that aq��b and

f � xŽ .
yL �� , 4.9Ž .

g � xŽ .

if a�x�aq� . By applying Cauchy’s mean value theorem on the interval
w xx,aq� we get

f x y f aq� f � dŽ . Ž . Ž .
s ,

g x yg aq� g � dŽ . Ž . Ž .

Ž .where x�d�aq� . From inequality 4.9 we then have

f x y f aq�Ž . Ž .
yL ��

g x yg aq�Ž . Ž .

for all x such that a�x�aq� . It follows that

f x y f aq�Ž . Ž .
Ls lim

g x yg aq�x™a Ž . Ž .

f x 1y f aq� rf xŽ . Ž . Ž .
s lim lim

g x 1yg aq� rg xx™a x™aŽ . Ž . Ž .

f xŽ .
s lim

g xx™a Ž .

Ž . Ž .since both f x and g x tend to � as x™a.

Ž . Ž .CASE 4. f x ™� and g x ™� as x™�. This can be easily shown by
using the techniques applied in Cases 2 and 3.

Ž . Ž .CASE 5. lim f � x rg � x s�, where a is finite or infinite. Let usx™ a
Ž . Ž .consider the ratio g x rf x . We have that

g � xŽ .
lim s0.

f � xx™a Ž .



DIFFERENTIATION106

Hence,
g x g � xŽ . Ž .

lim s lim s0.
f x f � xx™a x™aŽ . Ž .

If A is any positive number, then there exists a ��0 such that

g x 1Ž .
� ,

f x AŽ .

if a�x�aq� . Thus for such values of x,

f xŽ .
�A ,

g xŽ .
which implies that

f xŽ .
lim s�.

g xx™a Ž .
Ž . Ž .When applying l’Hospital’s rule, the ratio f � x rg � x may assume the

indeterminate from 0r0 or �r� as x™a. In this case, higher-order deriva-
Ž . Ž .tives of f x and g x , assuming such derivatives exist, will be needed. In

Ž . Ž . Ž .general, if the first ny1 nG1 derivatives of f x and g x tend simultane-
Žn.Ž . Žn.Ž .ously to zero or to � as x™a, and if the nth derivatives, f x and g x ,
Ž . Ž .exist and satisfy the same conditions as those imposed on f � x and g � x in

Theorem 4.2.6, then

f x f Žn. xŽ . Ž .
lim s lim . �Žn.g x g xx™a x™aŽ . Ž .

A Historical Note

Ž .According to Eves 1976, page 342 , in 1696 the Marquis de l’Hospital
Ž .assembled the lecture notes of his teacher Johann Bernoulli 1667�1748 into

the world’s first textbook on calculus. In this book, the so-called l’Hospital’s
rule is found. It is perhaps more accurate to refer to this rule as the
Bernoulli-l’Hospital rule. Note that the name l’Hospital follows the old
French spelling and the letter s is not to be pronounced. In modern French
this name is spelled as l’Hopital.ˆ

sin x cos x
EXAMPLE 4.2.1. lim s lim s1.

x 1x™0 x™0
This is a well-known limit. It implies that sin x and x are asymptotically

Ž .equal, that is, sin x�x as x™0 see Section 3.3 .

1ycos x sin x cos x 1
EXAMPLE 4.2.2. lim s lim s lim s .2 2 x 2 2xx™0 x™0 x™0
We note here that l’Hospital’s rule was applied twice before reaching the

1limit .2
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ax

EXAMPLE 4.2.3. lim , where a�1.
xx™�

This is of the form �r� as x™�. Since axse x log a, then

ax e x log a log aŽ .
lim s lim s�.

x 1x™� x™�

This is also a well-known limit. On the basis of this result it can be shown
Ž .that see Exercise 4.12 the following hold:

ax

1. lim s�, where a�1, m�0.mxx™�

log x
2. lim s0, where m�0.mxx™�

EXAMPLE 4.2.4. lim q x x.x™ 0
This is of the form 00 as x™0q, which is indeterminate. It can be reduced

to the form 0r0 or �r� so that l’Hospital’s rule can apply. To do so we write
x x as

x xse x log x .
However,

log x
x log xs ,

1rx

which is of the form y�r� as x™0q. By l’Hospital’s rule we then have

1rx
lim x log x s limŽ . 2q q y1rxx™0 x™0

s lim yxŽ .
qx™0

s0.
It follows that

lim x xs lim e x log x
q qx™0 x™0

sexp lim x log xŽ .
qx™0

s1.

xq1
EXAMPLE 4.2.5. lim x log .ž /xy1x™�

This is of the form ��0 as x™�, which is indeterminate. But

xq1
log ž /xq1 xy1

x log sž /xy1 1rx
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is of the form 0r0 as x™�. Hence,

y2

xq1 xy1 xq1Ž . Ž .
lim x log s lim 2ž /xy1 y1rxx™� x™�

2
s lim

1y1rx 1q1rxx™� Ž . Ž .
s2.

We can see from the foregoing examples that the use of l’Hospital’s rule
Ž . Ž .can facilitate the process of finding the limit of the ratio f x rg x as x™a.

Ž . Ž .In many cases, it is easier to work with f � x rg � x than with the original
ratio. Many other indeterminate forms can also be resolved by l’Hospital’s
rule by first reducing them to the form 0r0 or �r� as was shown in
Examples 4.2.4 and 4.2.5.

It is important here to remember that the application of l’Hospital’s rule
Ž . Ž .requires that the limit of f � x rg � x exist as a finite number or be equal to

infinity in the extended real number system as x™a. If this is not the case,
Ž . Ž .then it does not necessarily follow that the limit of f x rg x does not exist.

Ž . 2 Ž . Ž . Ž . Ž .For example, consider f x sx sin 1rx and g x sx. Here, f x rg x
tends to zero as x™0, as was seen earlier in this chapter. However, the ratio

f � x 1 1Ž .
s2 x sin ycos

g � x x xŽ .

has no limit as x™0, since it oscillates inside a small neighborhood of the
origin.

4.3. TAYLOR’S THEOREM

This theorem is also known as the general mean value theorem, since it is
considered as an extension of the mean value theorem. It was formulated by

Ž .the English mathematician Brook Taylor 1685�1731 in 1712 and has since
become a very important theorem in calculus. Taylor used his theorem to
expand functions into infinite series. However, full recognition of the impor-
tance of Taylor’s expansion was not realized until 1755, when Leonhard

Ž .Euler 1707�1783 applied it in his differential calculus, and still later, when
Ž .Joseph Louis Lagrange 1736�1813 used it as the foundation of his theory of

functions.

Ž . Ž . Ž .Theorem 4.3.1 Taylor’s Theorem . If the ny1 st nG1 derivative of
Ž . Žny1. Ž . w xf x , namely f x , is continuous on the closed interval a, b and the nth

Žn.Ž . Ž . w xderivative f x exists on the open interval a, b , then for each xg a, b
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we have

2xyaŽ .
f x s f a q xya f � a q f � aŽ . Ž . Ž . Ž . Ž .

2!
nny1xya xyaŽ . Ž .

Žny1. Žn.q 			q f a q f 
 ,Ž . Ž .
ny1 ! n!Ž .

where a�
�x.

Proof. The method to prove this theorem is very similar to the one used
w x Ž .for Theorem 4.2.2. For a fixed x in a, b let the function 
 t be defined asn

nxy t

 t sg t y g a ,Ž . Ž . Ž .n n nž /xya

where aF tFb and

g t s f x y f t y xy t f � tŽ . Ž . Ž . Ž . Ž .n

2 ny1xy t xy tŽ . Ž .
Žny1.y f � t y 			y f t . 4.10Ž . Ž . Ž .

2! ny1 !Ž .

Ž .The function 
 t has the following properties:n

Ž . Ž .1. 
 a s0 and 
 x s0.n n

Ž . w x2. 
 t is a continuous function of t on a, b .n

Ž . Ž .3. The derivative of 
 t with respect to t exists on a, b . This derivativen
is equal to

ny1n xy tŽ .
� �
 t sg t q g aŽ . Ž . Ž .nn n nxyaŽ .

syf � t q f � t y xy t f � t q xy t f � tŽ . Ž . Ž . Ž . Ž . Ž .
ny2xy tŽ .

Žny1.y 			q f tŽ .
ny2 !Ž .
ny1 ny1xy t n xy tŽ . Ž .

Žn.y f t q g aŽ . Ž .n nny1 !Ž . xyaŽ .
ny1 ny1xy t n xy tŽ . Ž .

Žn.sy f t q g a .Ž . Ž .n nny1 !Ž . xyaŽ .
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Ž . w xBy applying Rolle’s theorem to 
 t on the interval a, x we can assertn
�Ž .that there exists a value 
 , a�
�x, such that 
 
 s0, that is,n

ny1 ny1xy
 n xy
Ž . Ž .
Žn.y f 
 q g a s0,Ž . Ž .n nny1 !Ž . xyaŽ .

or

n
xyaŽ .

Žn.g a s f 
 . 4.11Ž . Ž . Ž .n n!

Ž . Ž .Using formula 4.10 in 4.11 , we finally get

2xyaŽ .
f x s f a q xya f � a q f � aŽ . Ž . Ž . Ž . Ž .

2!

nny1xya xyaŽ . Ž .
Žny1. Žn.q 			q f a q f 
 . 4.12Ž . Ž . Ž .

ny1 ! n!Ž .

This is known as Taylor ’s formula. It can also be expressed as

h2

f aqh s f a qhf � a q f � aŽ . Ž . Ž . Ž .
2!

hny1 hn
Žny1. Žn.q 			q f a q f aq� h , 4.13Ž . Ž . Ž .nny1 ! n!Ž .

where hsxya and 0�� �1. �n

Ž .In particular, if f x has derivatives of all orders in some neighborhood
Ž . Ž . Ž .N a of the point a, formula 4.12 can provide a series expansion of f x forr

Ž . Ž . Ž .xgN a as n™�. The last term in formula 4.12 , or formula 4.13 , isr
called the remainder of Taylor’s series and is denoted by R . Thus,n

n
xyaŽ .

Žn.R s f 
Ž .n n!

hn
Žn.s f aq� h .Ž .nn!
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If R ™0 as n™�, thenn

n� xyaŽ .
Žn.f x s f a q f a , 4.14Ž . Ž . Ž . Ž .Ý n!ns1

or

� nh
Žn.f aqh s f a q f a . 4.15Ž . Ž . Ž . Ž .Ý n!ns1

This results in what is known as Taylor ’s series. Thus the validity of Taylor’s
series is contingent on having R ™0 as n™�, and on having derivatives ofn

Ž . Ž .all orders for f x in N a . The existence of these derivatives alone is notr
sufficient to guarantee a valid expansion.

A special form of Taylor’s series is Maclaurin’s series, which results when
Ž .as0. Formula 4.14 then reduces to

� nx
Žn.f x s f 0 q f 0 . 4.16Ž . Ž . Ž . Ž .Ý n!ns1

In this case, the remainder takes the form

x n
Žn.R s f � x . 4.17Ž . Ž .n nn!

The sum of the first n terms in Maclaurin’s series provides an approxima-
Ž .tion for the value of f x . The size of the remainder determines how close

Ž .the sum is to f x . Since the remainder depends on � , which lies in then
Ž .interval 0, 1 , an upper bound on R that is free of � will therefore ben n

needed to assess the accuracy of the approximation. For example, let us
Ž .consider the function f x scos x. In this case,

n�
Žn.f x scos xq , ns1, 2, . . . ,Ž . ž /2

and

n�
Žn.f 0 scosŽ . ž /2

0, n odd,
s nr2½ y1 , n even.Ž .
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Ž .Formula 4.16 becomes

� 2 nxn
cos xs1q y1Ž .Ý 2n !Ž .ns1

x 2 x 4 x 2 n
n

s1y q y 			q y1 qR ,Ž . 2 nq12! 4! 2n !Ž .

Ž .where from formula 4.17 R is2 nq1

2 nq1x 2nq1 �Ž .
R s cos � xq .2 nq1 2 nq12nq1 ! 2Ž .

� �An upper bound on R is then given by2 nq1

� � 2 nq1x
� �R F .2 nq1 2nq1 !Ž .

Therefore, the error of approximating cos x with the sum

x 2 x 4 x 2 n
n

s s1y q y 			q y1Ž .2 n 2! 4! 2n !Ž .

� � 2 nq1 Ž .does not exceed x r 2nq1 !, where x is measured in radians. For
example, if xs�r3 and ns3, the sum

x 2 x 4 x6

s s1y q y s0.499966 2 4! 6!

Ž .approximates cos �r3 with an error not exceeding

� � 7x
s0.00027.

7!

Ž .The true value of cos �r3 is 0.5.

4.4. MAXIMA AND MINIMA OF A FUNCTION

In this section we consider the problem of finding the extreme values of a
Ž . Ž .function ys f x whose derivative f � x exists in any open set inside its

domain of definition.
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Ž .Definition 4.4.1. A function f : D™R has a local or relative maximum
Ž . Ž .at a point x gD if there exists a ��0 such that f x F f x for all0 0

Ž . Ž .xgN x lD. The function f has a local or relative minimum at x if� 0 0
Ž . Ž . Ž .f x G f x for all xgN x lD. Local maxima and minima are referred to0 � 0

Ž .as local optima or local extrema . �

ŽDefinition 4.4.2. A function f : D™R has an absolute maximum mini-
. Ž . Ž .w Ž .mum over D if there exists a point x*gD such that f x F f x* f x G

Ž .xf x* for all xgD. Absolute maxima and minima are called absolute optima
Ž .or extrema . �

Ž . Ž .The determination of local optima of f x can be greatly facilitated if f x
is differentiable.

Ž . Ž .Theorem 4.4.1. Let f x be differentiable on the open interval a, b . If
Ž . Ž .f x has a local maximum, or a local minimum, at a point x in a, b , then0
Ž .f � x s0.0

Ž . Ž . Ž .Proof. Suppose that f x has a local maximum at x . Then, f x F f x0 0
Ž . Ž .for all x in some neighborhood N x ; a, b . It follows that� 0

f x y f x F0 if x�x ,Ž . Ž .0 0 4.18Ž .½G0 if x�x ,xyx 00

Ž . q Ž .for all x in N x . As x™x , the ratio in 4.18 will have a nonpositive� 0 0
y Ž .limit, and if x™x , the ratio will have a nonnegative limit. Since f � x0 0

Ž .exists, these two limits must be equal and equal to f � x as x™x . We0 0
Ž . Ž .therefore conclude that f � x s0. The proof when f x has a local mini-0

mum is similar. �

Ž .It is important here to note that f � x s0 is a necessary condition for a0
differentiable function to have a local optimum at x . It is not, however, a0

Ž .sufficient condition. That is, if f � x s0, then it is not necessarily true that0
Ž . 3x is a point of local optimum. For example, the function f x sx has a0

Ž .zero derivative at the origin, but f x does not have a local optimum there
Ž . Ž .why not? . In general, a value x for which f � x s0 is called a stationary0 0
value for the function. Thus a stationary value does not necessarily corre-
spond to a local optimum.

Ž .We should also note that Theorem 4.4.1 assumes that f x is differen-
tiable in a neighborhood of x . If this condition is not fulfilled, the theorem0

Ž . Ž .ceases to be true. The existence of f � x is not prerequisite for f x to have0
Ž .a local optimum at x . In fact, f x can have a local optimum at x even if0 0

Ž . Ž . � �f � x does not exist. For example, f x s x has a local minimum at xs0,0
Ž .but f � 0 does not exist.
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Ž . w xWe recall from Corollary 3.4.1 that if f x is continuous on a, b , then it
w xmust achieve its absolute optima at some points inside a, b . These points

Ž .can be interior points, that is, points that belong to the open interval a, b ,
Ž . Ž . Ž .or they can be end boundary points. In particular, if f � x exists on a, b ,

to determine the locations of the absolute optima we must solve the equation
Ž . Ž .f � x s0 and then compare the values of f x at the roots of this equation

Ž . Ž . Ž .with f a and f b . The largest smallest of these values is the absolute
Ž . Ž . Ž . Ž .maximum minimum . In the event f � x �0 on a, b , then f x must

achieve its absolute optimum at an end point.

4.4.1. A Sufficient Condition for a Local Optimum

We shall make use of Taylor’s expansion to come up with a sufficient
Ž .condition for f x to have a local optimum at xsx .0

Ž . Ž .Suppose that f x has n derivatives in a neighborhood N x such that� 0
Ž . Ž . Žny1. Ž . Žn.Ž .f � x s f � x s 			 s f x s0, but f x �0. Then by Taylor’s the-0 0 0 0

orem we have

hn
Žn.f x s f x q f x q� hŽ . Ž . Ž .0 0 nn!

Ž .for any x in N x , where hsxyx and 0�� �1. Furthermore, if we� 0 0 n
Žn.Ž .assume that f x is continuous at x , then0

f Žn. x q� h s f Žn. x qo 1 ,Ž . Ž . Ž .0 n 0

Ž .where, as we recall from Section 3.3, o 1 ™0 as h™0. We can therefore
write

hn
Žn. nf x y f x s f x qo h . 4.19Ž . Ž . Ž . Ž . Ž .0 0n!

Ž . Ž . Ž .In order for f x to have a local optimum at x , f x y f x must have the0 0
Ž .same sign positive or negative for small values of h inside a neighborhood

Ž . Ž . Ž .of 0. But, from 4.19 , the sign of f x y f x is determined by the sign of0
n Žn.Ž .h f x . We can then conclude that if n is even, then a local optimum is0

Žn.Ž .achieved at x . In this case, a local maximum occurs at x if f x �0,0 0 0
Žn.Ž .whereas f x �0 indicates that x is a point of local minimum. If,0 0

Ž . Ž .however, n is odd, then x is not a point of local optimum, since f x y f x0 0
Ž .changes sign around x . In this case, the point on the graph of ys f x0

whose abscissa is x is called a saddle point.0
Ž . Ž .In particular, if f � x s0 and f � x �0, then x is a point of local0 0 0

Ž . Ž .optimum. When f � x �0, f x has a local maximum at x , and when0 0
Ž . Ž .f � x �0, f x has a local minimum at x .0 0
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Ž . 3 2 Ž . 2EXAMPLE 4.4.1. Let f x s2 x y3 x y12 xq6. Then f � x s6 x y6 x
y12s0 at xsy1, 2, and

12 xy6sy18 at xsy1,f � x sŽ . ½ 18 at xs2.

We have then a local maximum at xsy1 and a local minimum at xs2.

Ž . 4EXAMPLE 4.4.2. f x sx y1. In this case,

f � x s4 x 3s0 at xs0,Ž .
f � x s12 x 2s0 at xs0,Ž .
f � x s24 xs0 at xs0,Ž .

f Ž4. x s24.Ž .

Then, xs0 is a point of local minimum.

Ž . Ž .2Ž 3 .EXAMPLE 4.4.3. Consider f x s xq5 x y10 . We have

2f � x s5 xq5 xy1 xq2 ,Ž . Ž . Ž . Ž .
f � x s10 xq2 2 x 2q8 xy1 ,Ž . Ž . Ž .
f � x s10 6 x 2q24 xq15 .Ž . Ž .

Ž .Here, f � x s0 at xsy5, y2, and 1. At xsy5 there is a local maximum,
Ž . Ž .since f � y5 sy270�0. At xs1 we have a local minimum, since f � 1 s

Ž .270�0. However, at xsy2 a saddle point occurs, since f � y2 s0 and
Ž .f � y2 sy90�0.

Ž . Ž . Ž .EXAMPLE 4.4.4. f x s 2 xq1 r xq4 , 0FxF5. Then

2f � x s7r xq4 .Ž . Ž .

Ž . Ž . Ž .In this case, f � x does not vanish anywhere in 0, 5 . Thus f x has no local
w xmaxima or local minima in that open interval. Being continuous on 0, 5 ,

Ž . Ž . Ž .f x must achieve its absolute optima at the end points. Since f � x �0, f x
w xis strictly monotone increasing on 0, 5 by Corollary 4.2.1. Its absolute

minimum and absolute maximum are therefore attained at xs0 and xs5,
respectively.

4.5. APPLICATIONS IN STATISTICS

Differential calculus has many applications in statistics. Let us consider some
of these applications.
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4.5.1. Functions of Random Variables

Let Y be a continuous random variable whose cumulative distribution
Ž . Ž . Ž .function is F y sP YFy . If F y is differentiable for all y, then its

Ž . Ž .derivative F� y is called the density function of Y and is denoted by f y .
Ž .Continuous random variables for which f y exists are said to be absolutely

continuous.
Let Y be an absolutely continuous random variable, and let W be another

random variable which can be expressed as a function of Y of the form
Ž .Ws
 Y . Suppose that this function is strictly monotone and differentiable

over its domain. By Theorem 3.5.1, 
 has a unique inverse 
y1, which is also
Ž .differentiable by Theorem 4.2.4. Let G w denote the cumulative distribution

function of W.
If 
 is strictly monotone increasing, then

y1 y1G w sP WFw sP YF
 w sF 
 w .Ž . Ž . Ž . Ž .

If it is strictly monotone decreasing, then

y1 y1G w sP WFw sP YG
 w s1yF 
 w .Ž . Ž . Ž . Ž .

Ž .By differentiating G w using the chain rule we obtain the density function
Ž .g w for W, namely,

y1 y1dF 
 w d
 wŽ . Ž .
g w sŽ . y1 dwd
 wŽ .

y1d
 wŽ .
y1s f 
 w 4.20Ž . Ž .

dw

if 
 is strictly monotone increasing, and

y1 y1dF 
 w d
 wŽ . Ž .
g w syŽ . y1 dwd
 wŽ .

y1d
 wŽ .
y1syf 
 w 4.21Ž . Ž .

dw

Ž . Ž .if 
 is strictly monotone decreasing. By combining 4.20 and 4.21 we
obtain

y1d
 wŽ .
y1g w s f 
 w . 4.22Ž . Ž . Ž .

dw

Ž .For example, suppose that Y has the uniform distribution U 0, 1 whose
density function is

1, 0�y�1,
f y sŽ . ½ 0 elsewhere.
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Ž .Let Wsylog Y. Using formula 4.22 , the density function of W is given by

eyw , 0�w��,g w sŽ . ½ 0 elsewhere.

( )The Mean and Variance of Ws
 Y

The mean and variance of the random variable W can be obtained by using
its density function:

�

E W s wg w dw ,Ž . Ž .H
y�

2Var W sE WyE WŽ . Ž .
� 2s wyE W g w dw.Ž . Ž .H
y�

In some cases, however, the exact distribution of Y may not be known, or
Ž .g w may be a complicated function to integrate. In such cases, approximate

expressions for the mean and variance of W can be obtained by applying
Ž .Taylor’s expansion around the mean of Y, �. If we assume that 
 � y exists,

then


 y s
 � q yy� 
 � � qo yy� .Ž . Ž . Ž . Ž . Ž .

Ž . Ž . Ž .If o yy� is small enough, first-order approximations of E W and Var W
can be obtained, namely,

22E W f
 � , since E Yy� s0; Var W f� 
 � � , 4.23Ž . Ž . Ž . Ž . Ž . Ž .

2 Ž .where � sVar Y , and the symbol f denotes approximate equality. If
Ž .o yy� is not small enough, then higher-order approximations can be

Ž . Ž .utilized provided that certain derivatives of 
 y exist. For example, if 
 � y
exists, then

2 21
 y s
 � q yy� 
 � � q yy� 
 � � qo yy� .Ž . Ž . Ž . Ž . Ž . Ž . Ž .2

wŽ .2 xIn this case, if o yy� is small enough, then second-order approximations
Ž . Ž .can be obtained for E W and Var W of the form

21 2 2E W f
 � q � 
 � � , since E Yy� s� ,Ž . Ž . Ž . Ž .2

2Var W fE Q Y yE Q Y ,� 4Ž . Ž . Ž .
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where

21Q Y s
 � q Yy� 
 � � q Yy� 
 � � .Ž . Ž . Ž . Ž . Ž . Ž .2

Thus,

2 2 212Var W f� 
 � � q 
 � � Var Yy�Ž . Ž . Ž . Ž .4

3q
 � � 
 � � E Yy� .Ž . Ž . Ž .

Variance Stabilizing Transformations

One of the basic assumptions of regression and analysis of variance is the
constancy of the variance � 2 of a response variable Y on which experimental
data are obtained. This assumption is often referred to as the assumption of
homoscedasticity. There are situations, however, in which � 2 is not constant
for all the data. When this happens, Y is said to be heteroscedastic.
Heteroscedasticity can cause problems and difficulties in connection with the

Žstatistical analysis of the data for a survey of the problems of heteroscedas-
.ticity, see Judge et al., 1980 .

ŽSome situations that lead to heteroscedasticity are see Wetherill et al.,
.1986, page 200 :

i. The Use of A®eraged Data. In many experimental situations, the data
used in a regression program consist of averages of samples that are
different in size. This happens sometimes in survey analysis.

ii. Variances Depending on the Explanatory Variables. The variance of an
Ž .observation can sometimes depend on the explanatory or input

variables in the hypothesized model, as is the case with some econo-
metric models. For example, if the response variable is household
expenditure and one explanatory variable is household income, then
the variance of the observations may be a function of household
income.

iii. Variances Depending on the Mean Response. The response variable Y
may have a distribution whose variance is a function of its mean, that

2 Ž .is, � sh � , where � is the mean of Y. The Poisson distribution, for
2 Žexample, has the property that � s�. Thus as � changes as a
. 2function of some explanatory variables , then so will � . The following

Žexample illustrates this situation see Chatterjee and Price, 1977, page
.39 : Let Y be the number of accidents, and x be the speed of

operating a lathe in a machine shop. Suppose that a linear relationship
is assumed between Y and x of the form

Ys� q� xq� ,0 1

where � is a random error with a zero mean. Here, Y has the Poisson
distribution with mean �s� q� x. The variance of Y, being equal0 1
to �, will not be constant, since it depends on x.
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Heteroscedasticity due to dependence on the mean response can be
removed, or at least reduced, by a suitable transformation of the response

2 Ž . Ž .variable Y. So let us suppose that � sh � . Let Ws
 Y . We need to
find a proper transformation 
 that causes W to have almost the constant
variance property. If this can be accomplished, then 
 is referred to as a
variance stabilizing transformation.

Ž .If the first-order approximation of Var W by Taylor’s expansion is ade-
Ž .quate, then by formula 4.23 we can select 
 so that

2h � 
 � � sc, 4.24Ž . Ž . Ž .

where c is a constant. Without loss of generality, let cs1. A solution of
Ž .4.24 is given by

d�

 � s .Ž . H 'h �Ž .

Ž . Ž .Thus if Ws
 Y , then Var W will have a variance approximately equal to
Ž .one. For example, if h � s�, as is the case with the Poisson distribution,

then

d� '
 � s s2 � .Ž . H '�

' ŽHence, Ws2 Y will have a variance approximately equal to one. In this
'case, it is more common to use the transformation Ws Y which has a

.variance approximately equal to 0.25 . Thus in the earlier example regarding
the relationship between the number of accidents and the speed of operating

'a lathe, we need to regress Y against x in order to ensure approximate
homosecdasticity.

Ž . 2The relationship if any between � and � may be determined by
theoretical considerations based on a knowledge of the type of data used�for
example, Poisson data. In practice, however, such knowledge may not be
known a priori. In this case, the appropriate transformation is selected
empirically on the basis of residual analysis of the data. See, for example, Box

Ž . Ž .and Draper 1987, Chapter 8 , Montgomery and Peck 1982, Chapter 3 . If
Žpossible, a transformation is selected to correct nonnormality if the original

.data are not believed to be normally distributed as well as heteroscedasticity.
In this respect, a useful family of transformations introduced by Box and Cox
Ž .1964 can be used. These authors considered the power family of transfor-
mations defined by

Y �y1 r�, ��0,Ž .

 Y sŽ . ½ log Y , �s0.
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This family may only be applied when Y has positive values. Furthermore,
since by l’Hospital’s rule

Y �y1
�lim s lim Y log Ys log Y ,

��™0 �™0

the Box�Cox transformation is a continuous function of �. An estimate of �
Žcan be obtained from the data using the method of maximum likelihood see

Montgomery and Peck, 1982, Section 3.7.1; Box and Draper, 1987, Section
.8.4 .

Asymptotic Distributions

The asymptotic distributions of functions of random variables are of special
interest in statistical limit theory. By definition, a sequence of random

� 4�variables Y converges in distribution to the random variable Y ifn ns1

lim F y sF yŽ . Ž .n
n™�

Ž . Ž .at each point y where F y is continuous, where F y is the cumulativen
Ž . Ž .distribution function of Y ns1, 2, . . . and F y is the cumulative distribu-n

Ž .tion function of Y see Section 5.3 concerning sequences of functions . This
form of convergence is denoted by writing

d
Y ™Y .n

An illustration of convergence in distribution is provided by the well-known
� 4�central limit theorem. It states that if Y is a sequence of independent andn ns1

identically distributed random variables with common mean and variance, �
2 nand � , respectively, that are both finite, and if Y sÝ Yrn is the samplen is1 i

mean of a sample size n, then as n™�,

Y y� dn
™Z,'�r n

Ž .where Z has the standard normal distribution N 0, 1 .
An extension of the central limit theorem that includes functions of

random variables is given by the following theorem:

� 4�Theorem 4.5.1. Let Y be a sequence of independent and identicallyn ns1
2 Ž .distributed random variables with mean � and variance � both finite , and

Ž .let Y be the sample mean of a sample of size n. If 
 y is a function whosen
Ž .derivative 
 � y exists and is continuous in a neighborhood of � such that
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Ž .
 � � �0, then as n™�,


 Y y
 �Ž .Ž . dn
™Z.'� 
 � � r nŽ .

Ž .Proof. See Wilks 1962, page 259 . �

On the basis of Theorem 4.5.1 we can assert that when n is large enough,
Ž . Ž .
 Y is approximately distributed as a normal variate with a mean 
 � andn

2'Ž . � Ž . � Ž .a standard deviation �r n 
 � � . For example, if 
 y sy , then as
n™�,

2 2Y y� dn
™Z.'� �2 � �r n

4.5.2. Approximating Response Functions

Perhaps the most prevalent use of Taylor’s expansion in statistics is in the
area of linear models. Let Y denote a response variable, such as the yield of

Ž . Ža product, whose mean � x is believed to depend on an explanatory or
.input variable x such as temperature or pressure. The true relationship

Ž .between � and x is usually unknown. However, if � x is considered to have
derivatives of all orders, then it is possible to approximate its values by using
low-order terms of a Taylor’s series over a limited range of interest. In this

Ž .case, � x can be represented approximately by a polynomial of degree d
Ž .G1 of the form

d
j� x s� q � x ,Ž . Ý0 j

js1

where � , � , . . . , � are unknown parameters. Estimates of these parame-0 1 d
Ž .ters are obtained by running n Gdq1 experiments in which n observa-

tions, y , y , . . . , y , on Y are obtained for specified values of x. This leads us1 2 n
to the linear model

d
jy s� q � x q� , is1, 2, . . . , n , 4.25Ž .Ýi 0 j i i

js1

where � is a random error. The method of least squares can then be used toi
Ž . Ž .estimate the unknown parameters in 4.25 . The adequacy of model 4.25 to
Ž .represent the true mean response � x can be checked using the given data

provided that replicated observations are available at some points inside the
region of interest. For more details concerning the adequacy of fit of linear
models and the method of least squares, see, for example, Box and Draper
Ž . Ž .1987, Chapters 2 and 3 and Khuri and Cornell 1996, Chapter 2 .
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4.5.3. The Poisson Process

A random phenomenon that arises through a process which continues in time
Ž .or space in a manner controlled by the laws of probability is called a
stochastic process. A particular example of such a process is the Poisson
process, which is associated with the number of events that take place over a
period of time�for example, the arrival of customers at a service counter, or
the arrival of �-rays, emitted from a radioactive source, at a Geiger counter.

Ž .Define p t as the probability of n arrivals during a time interval ofn
length t. For a Poisson process, the following postulates are assumed to hold:

1. The probability of exactly one arrival during a small time interval of
length h is approximately proportional to h, that is,

p h s�hqo hŽ . Ž .1

as h™0, where � is a constant.
2. The probability of more than one arrival during a small time interval of

length h is negligible, that is,

p h so hŽ . Ž .Ý n
n�1

as h™0.
3. The probability of an arrival occurring during a small time interval

Ž .t, tqh does not depend on what happened prior to t. This means that
the events defined according to the number of arrivals occurring during
nonoverlapping time intervals are independent.

Ž .On the basis of the above postulates, an expression for p t can be foundn
as follows: For nG1 and for small h we have approximately

p tqh sp t p h qp t p hŽ . Ž . Ž . Ž . Ž .n n 0 ny1 1

sp t 1y�hqo h qp t �hqo h , 4.26Ž . Ž . Ž . Ž . Ž .n ny1

Ž .since the probability of no arrivals during the time interval t, tqh is
Ž .approximately equal to 1yp h . For ns0 we have1

p tqh sp t p hŽ . Ž . Ž .0 0 0

sp t 1y�hqo h . 4.27Ž . Ž . Ž .0
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Ž . Ž .From 4.26 and 4.27 we then get for nG1,

p tqh yp t o h o hŽ . Ž . Ž . Ž .n n
sp t y�q qp t �q ,Ž . Ž .n ny1h h h

and for ns0,

p tqh yp t o hŽ . Ž . Ž .0 0
sp t y�q .Ž .0h h

By taking the limit as h™0 we obtain the derivatives

p� t sy� p t q� p t , nG1 4.28Ž . Ž . Ž . Ž .n n ny1

p� t sy� p t . 4.29Ž . Ž . Ž .0 0

Ž . Ž .From 4.29 the solution for p t is given by0

p t sey� t , 4.30Ž . Ž .0

Ž . Ž .since p t s1 when ts0 that is, initially there were no arrivals . By0
Ž . Ž .substituting 4.30 in 4.28 when ns1 we get

p� t sy� p t q�ey� t . 4.31Ž . Ž . Ž .1 1

Ž . �tIf we now multiply the two sides of 4.31 by e we obtain

e�tp� t q� p t e�ts�,Ž . Ž .1 1

or

�te p t �s�.Ž .1

Hence,

e�tp t s�tqc,Ž .1

Ž .where c is a constant. This constant must be equal to zero, since p 0 s0.1
We then have

p t s�tey� t .Ž .1

Ž . Ž .By continuing in this process and using equation 4.28 we can find p t ,2
Ž .then p t , . . . , etc. In general, it can be shown that3

ny� te �tŽ .
p t s , ns0, 1, 2, . . . . 4.32Ž . Ž .n n!
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Ž .In particular, if ts1, then formula 4.32 gives the probability of n arrivals
during one unit of time, namely,

ey��n

p 1 s , ns0, 1, . . . .Ž .n n!

This gives the probability mass function of a Poisson random variable with
mean �.

4.5.4. Minimizing the Sum of Absolute Deviations

Consider a data set consisting of n observations y , y , . . . , y . For an1 2 n
Ž .arbitrary real number a, let D a denote the sum of absolute deviations of

the data from a, that is,

n

� �D a s y ya .Ž . Ý i
is1

Ž .For a given a, D a represents a measure of spread, or variation, for the data
Ž .set. Since the value of D a varies with a, it may be of interest to determine

Ž .its minimum. We now show that D a is minimized when as�*, where �*
denotes the median of the data set. By definition, �* is a value that falls in
the middle when the observations are arranged in order of magnitude. It is a
measure of location like the mean. If we write y Fy F 			 Fy for theŽ1. Ž2. Žn.
ordered y ’s, then when n is odd, �* is the unique value y ; whereasi Žnr2q1r2.
when n is even, �* is any value such that y F�*Fy . In the latterŽnr2. Žnr2q1.
case, �* is sometimes chosen as the middle of the interval.

Ž .There are several ways to show that �* minimizes D a . The following
Ž .simple proof is due to Blyth 1990 :

On the interval y �a�y , ks1, 2, . . . , ny1, we haveŽk . Žkq1.

n

� �D a s y yaŽ . Ý Ž i.
is1

k n

s ayy q y yaŽ . Ž .Ý ÝŽ i. Ž i.
is1 iskq1

k n

skay y q y y nyk a.Ž .Ý ÝŽ i. Ž i.
is1 iskq1

Ž .The function D a is continuous for all a and is differentiable everywhere
Ž . Ž .except at y , y , . . . , y . For a�y is1, 2, . . . , n , the derivative D� a is1 2 n i

given by

D� a s2 kynr2 .Ž . Ž .
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Ž . Ž . Ž .If k�nr2, then D� a �0 on y , y , and by Corollary 4.2.1, D aŽk . Žkq1.
w xmust be strictly monotone on y , y , ks1, 2, . . . , ny1.Žk . Žkq1.
Ž .Now, when n is odd, D a is strictly monotone decreasing for aF

Ž . Ž .y , because D� a �0 over y , y for k�nr2. It is strictlyŽnr2q1r2. Žk . Žkq1.
Ž . Ž .monotone increasing for aGy , because D� a �0 over y , yŽnr2q1r2. Žk . Žkq1.

Ž .for k�nr2. Hence, �*sy is a point of absolute minimum for D a .Žnr2q1r2.
Ž .Furthermore, when n is even, D a is strictly monotone decreasing for

Ž . Ž . Ž .aFy , because D� a �0 over y , y for k�nr2. Also, D a isŽnr2. Žk . Žkq1.
Ž . Ž .constant over y , y , because D� a s0 for ksnr2, and is strictlyŽnr2. Žnr2q1.

Ž . Ž .monotone increasing for aGy , because D� a �0 over y , y forŽnr2q1. Žk . Žkq1.
Ž .k�nr2. This indicates that D a achieves its absolute minimum at any point

�* such that y F�*Fy , which completes the proof.Žnr2. Žnr2q1.
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EXERCISES

In Mathematics

Ž . Ž .4.1. Let f x be defined in a neighborhood of the origin. Show that if f � 0
exists, then

f h y f yhŽ . Ž .
lim s f � 0 .Ž .

2hh™0

Give a counterexample to show that the converse is not true in general,
Ž .that is, if the above limit exists, then it is not necessary that f � 0 exists.

Ž . Ž . w x4.2. Let f x and g x have derivatives up to order n on a, b . Let
Ž . Ž . Ž .h x s f x g x . Show that

n
nŽn. Žk . Žnyk .h x s f x g x .Ž . Ž . Ž .Ý ž /kks0

Ž .This is known as Leibniz’s formula.

Ž .4.3. Suppose that f x has a derivative at a point x , a�x �b. Show that0 0
Ž .there exists a neighborhood N x and a positive number A such that� 0

� �f x y f x �A xyxŽ . Ž .0 0

Ž .for all xgN x , x�x .� 0 0

Ž . Ž . Ž .4.4. Suppose that f x is differentiable on 0, � and f � x ™0 as x™�.
Ž . Ž . Ž . Ž .Let g x s f xq1 y f x . Prove that g x ™0 as x™�.

Ž .4.5. Let the function f x be defined as

x 3y2 x , xG1,f x sŽ . ½ 2ax ybxq1, x�1.

Ž .For what values of a and b does f x have a continuous derivative?

Ž . Ž .4.6. Suppose that f x is twice differentiable on 0, � . Let m , m , m be0 1 2
� Ž . � � Ž . � � Ž . �the least upper bounds of f x , f � x , and f � x , respectively, on

Ž .0, � .
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( )a Show that
m0

f � x F qhmŽ . 2h

Ž .for all x in 0, � and for every h�0.
( ) Ž .b Deduce from a that

m2F4m m .1 0 2

Ž . Ž .4.7. Suppose that lim f � x exists. Does it follow that f x is differen-x™ x 0

tiable at x ? Give a proof to show that the statement is correct or0
produce a counterexample to show that it is false.

Ž . n � �4.8. Show that D a sÝ y ya has no derivatives with respect to a atis1 i
y , y , . . . , y .1 2 n

Ž . Ž . Ž .4.9. Suppose that the function f x is such that f � x and f � x are
Ž .continuous in a neighborhood of the origin and satisfies f 0 s0. Show

that

d f x 1Ž .
lim s f � 0 .Ž .

dx x 2x™0

Ž . Ž .4.10. Show that if f � x exists and is bounded for all x, then f x is
uniformly continuous on R, the set of real numbers.

� Ž . �4.11. Suppose that g : R™R and that g � x �M for all xgR, where M is
Ž . Ž .a positive constant. Define f x sxqcg x , where c is a positive

constant. Show that it is possible to choose c small enough so that f is
a one-to-one function.

Ž . w . Ž . Ž . Ž .4.12. Suppose that f x is continuous on 0, � , f � x exists on 0, � , f 0 s0,
Ž . Ž . Ž .and f � x is monotone increasing on 0, � . Show that g x is mono-

Ž . Ž . Ž .tone increasing on 0, � where g x s f x rx.

4.13. Show that if a�1 and m�0, then
( ) Ž x m.a lim a rx s�,x™�

( ) wŽ . m xb lim log x rx s0.x™�

4.14. Apply l’Hospital’s rule to find the limit

x1
lim 1q .ž /xx™�
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( ) Ž . x
q4.15. a Find lim sin x .x™ 0

( ) Ž y1r x .qb Find lim e rx .x™ 0

4.16. Show that

1rx alim 1qaxqo x se ,Ž .
x™0

Ž .where a is a constant and o x is any function whose order of
magnitude is less than that of x as x™0.

Ž . 3 2 Ž . 44.17. Consider the functions f x s4 x q6 x y10 xq2 and g x s3 x q
4 x 3y5x 2q1. Show that

f � x f 1 y f 0Ž . Ž . Ž .
�

g � x g 1 yg 0Ž . Ž . Ž .

Ž .for any xg 0, 1 . Does this contradict Cauchy’s mean value theorem?

Ž . Ž . Ž .4.18. Suppose that f x is differentiable for aFxFb. If f � a � f � b and �
Ž . Ž .is a number such that f � a ��� f � b , show that there exists a 
 ,

Ž . w Ž . Ž .xa�
�b, for which f � 
 s� a similar result holds if f � a � f � b .
w Ž . Ž . Ž . Ž .Hint: Consider the function g x s f x y� xya . Show that g x

xhas a minimum at 
 .

Ž . Ž .4.19. Suppose that f x is differentiable on a, b . Let x , x , . . . , x be in1 2 n
Ž . na,b , and let � , � , . . . , � be positive numbers such that Ý � s1.1 2 n is1 i

Ž .Show that there exists a point c in a, b such that

n

� f � x s f � c .Ž . Ž .Ý i i
is1

w xNote: This is a generalization of the result in Exercise 4.18.

Ž . Ž4.20. Let x , x , . . . , x and y , y , . . . , y be in a, b such that x �y is1 2 n 1 2 n i i
. Ž . Ž .1, 2, . . . , n . Show that if f x is differentiable on a, b , then there

Ž .exists a point c in a, b such that

n n

f y y f x s f � c y yx .Ž . Ž . Ž . Ž .Ý Ýi i i i
is1 is1

Ž . Ž .4.21. Give a Maclaurin’s series expansion of the function f x s log 1qx .

Ž . Ž 4 . Ž 2 .4.22. Discuss the maxima and minima of the function f x s x q3 r x q2 .
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Ž . 3 x Ž .4.23. Determine if f x se rx has an absolute minimum on 0, � .

4.24. For what values of a and b is the function

1
f x sŽ . 2x qaxqb

w xbounded on the interval y1, 1 ? Find the absolute maximum on that
interval.

In Statistics

4.25. Let Y be a continuous random variable whose cumulative distribution
Ž . Ž .function, F y , is strictly monotone. Let G y be another strictly

monotone, continuous cumulative distribution function. Show that the
y1w Ž .xcumulative distribution function of the random variable G F Y is

Ž .G y .

4.26. Let Y have the cumulative distribution function

1yeyy , yG0,
F y sŽ . ½ 0, y�0.

'Find the density function of Ws Y .

4.27. Let Y be normally distributed with mean 1 and variance 0.04. Let
WsY 3.
( )a Find the density function of W.
( )b Find the exact mean and variance of W.
( )c Find approximate values for the mean and variance of W using

Ž .Taylor’s expansion, and compare the results with those of b .

4.28. Let Z be normally distributed with mean 0 and variance 1. Let YsZ 2.
Find the density function of Y.
w Ž . 2 xNote: The function 
 z sz is not strictly monotone for all z.

4.29. Let X be a random variable that denotes the age at failure of a
component. The failure rate is defined as the probability of failure in a
finite interval of time, say of length h, given the age of the component,
say x. This failure rate is therefore equal to

�P xFXFxqh XGx .Ž .
Consider the following limit:

1
�lim P xFXFxqh XGx .Ž .

hh™0
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If this limit exists, then it is called the hazard rate, or instantaneous
failure rate.
( ) Ž .a Give an expression for the failure rate in terms of F x , the

cumulative distribution function of X.
( )b Suppose that X has the exponential distribution with the cumula-

tive distribution function

F x s1yeyx r� , xG0,Ž .

where � is a positive constant. Show that X has a constant hazard
rate.

( )c Show that any random variable with a constant hazard rate must
have the exponential distribution.

Ž .4.30. Consider a Poisson process with parameter � over the interval 0, t .
Divide this interval into n equal subintervals of length hs trn. We
consider that we have a ‘‘success’’ in a given subinterval if one arrival
occurs in that subinterval. If there are no arrivals, then we consider that
we have a ‘‘failure.’’ Let Y denote the number of ‘‘successes’’ in the nn
subintervals of length h. Then we have approximately

nyrn rP Y s r s p 1yp , rs0, 1, . . . , n ,Ž . Ž .n n nž /r

where p is approximately equal to �hs�trn. Show thatn

ry� te �tŽ .
lim P Y s r s .Ž .n r !n™�


