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CHAPTER 4

Differentiation

Differentiation originated in connection with the problems of drawing tan-
gents to curves and of finding maxima and minima of functions. Pierre
de Fermat (1601-1665), the founder of the modern theory of numbers, is
credited with having put forth the main ideas on which differential calculus
is based.

In this chapter, we shall introduce the notion of differentiation and study
its applications in the determination of maxima and minima of functions. We
shall restrict our attention to real-valued functions defined on R, the set of
real numbers. The study of differentiation in connection with multivariable
functions, that is, functions defined on R" (n > 1), will be considered in
Chapter 7.

4.1. THE DERIVATIVE OF A FUNCTION

The notion of differentiation was motivated by the need to find the tangent
to a curve at a given point. Fermat’s approach to this problem was inspired by
a geometric reasoning. His method uses the idea of a tangent as the limiting
position of a secant when two of its points of intersection with the curve tend
to coincide. This has lead to the modern notation associated with the
derivative of a function, which we now introduce.

Definition 4.1.1. Let f(x)be a function defined in a neighborhood N,(x,)
of a point x,. Consider the ratio

xo+h)—f(x,
sy = T ), (4.1)

where 4 is a nonzero increment of x, such that —r <h <r. If ¢(h) has a
limit as & — 0, then this limit is called the derivative of f(x) at x, and is
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94 DIFFERENTIATION

denoted by f'(x,). It is also common to use the notation

df (x)
dx |x=

N =f"(xy)-
We thus have

f(xg+h) —f(x)
Y .

£'(x) = lim (42)

By putting x =x, + &, formula (4.2) can be written as

oy -t TSI
XX X — Xy

If f'(x,) exists, then f(x) is said to be differentiable at x =x,. Geometri-
cally, f'(x,) is the slope of the tangent to the graph of the function y = f(x)
at the point (x, y,), where y, = f(x,). If f(x) has a derivative at every point
of a set D, then f(x) is said to be differentiable on D.

It is important to note that in order for f'(x,) to exist, the left-sided and
right-sided limits of ¢(h) in formula (4.1) must exist and be equal as h — 0,
or as x approaches x, from either side. It is possible to consider only
one-sided derivatives at x = x,. These occur when ¢(4) has just a one-sided
limit as & — 0. We shall not, however, concern ourselves with such deriva-
tives in this chapter. O

Functions that are differentiable at a point must necessarily be continuous
there. This will be shown in the next theorem.

Theorem 4.1.1. Let f(x) be defined in a neighborhood of a point x,. If
f(x) has a derivative at x,, then it must be continuous at x.

Proof. From Definition 4.1.1 we can write
f(xog+h) =f(x0) =h¢(h).

If the derivative of f(x) exists at x,, then ¢(h) = f'(x,) as h — 0. It follows
from Theorem 3.2.1(2) that

f(xg+h) =f(x0) =0
as h — 0. Thus for a given € > 0 there exists a 6> 0 such that

[ F(xo+h) —f(x))| < e

if |h| < 8. This indicates that f(x) is continuous at x,. O
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It should be noted that even though continuity is a necessary condition for
differentiability, it is not a sufficient condition, as can be seen from the
following example: Let f(x) be defined as

1
F(x) = xsin—, x#0,
= x

0, x=0.

This function is continuous at x = 0, since f(0) =lim, _, , f(x) =0 by the fact
that

< |x|

X sin—
X

for all x. However, f(x) is not differentiable at x = 0. This is because when
x =0,

f(h) =1(0)
d(h) = ==
1
hsinz -0
=T, since h # 0,
1
= Sll’lz,

which does not have a limit as 2 — 0. Hence, f'(0) does not exist.

If f(x) is differentiable on a set D, then f'(x) is a function defined on D.
In the event f’(x) itself is differentiable on D, then its derivative is called the
second derivative of f(x) and is denoted by f”(x). It is also common to use
the notation

d’f(x)
dx2

~"(x).

By the same token, we can define the nth (n > 2) derivative of f(x) as the
derivative of the (n — 1)st derivative of f(x). We denote this derivative by

d"f(x)
dxﬂ

=f"(x), n=2,3,....

We shall now discuss some rules that pertain to differentiation. The
reader is expected to know how to differentiate certain elementary functions
such as polynomial, exponential, and trigonometric functions.
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Theorem 4.1.2. Let f(x) and g(x) be defined and differentiable on a
set D. Then

L [af(x) + Bg(x)] = af'(x) + Bg'(x), where a and B are constants.
2. [f()g(0)] =f"(x)g(x) +f(x)g'(x).
3. [f(x0) /g =[f'(x)g(x) — f(x)g'(x)]/g*(x) if g(x)+0.

Proof. The proof of (1) is straightforward. To prove (2) we write

i f(x+h)g(x+h)—f(x)g(x)
hl—IR) h
L LA ) —f(0)]g(r ) () [8(x +h) —8(x)]
h—0 h
f(x+h) —f(x)
h
g(x+h)—g(x)
Y .

lim g(x + A) lim
h—0 h—0

+f(x) lim

However, lim,, , , g(x +h)=g(x), since g(x) is continuous (because it is
differentiable). Hence,

i f(x+h)g(x+h)—f(x)g(x)
m
h—0 h

=g()f'(x) +f(x)g"(x).
Now, to prove (3) we write

. f(x+h)/g(x+h) —f(x)/8(x)
lim
h—0 h
o S+ h) —f(x)g(x +h)
h—0 hg(x)g(x+h)
8@ ) )] () [g(r +h) —g()]
h—0 hg(x)g(x+h)
_Mimy L ofg () [F(x +h) —F(0)] /h —f(x)[g(x +h) —g(x)] /h}
g(x)lim;,_  g(x+h)
_8()f'(x) —f(x)g'(x)
g*(x) '

a
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Theorem 4.1.3 (The Chain Rule). Let f: D, » R and g: D, = R be two
functions. Suppose that f(D,) € D,. If f(x) is differentiable on D, and g(x)
is differentiable on D,, then the composite function A(x) = g[ f(x)] is differ-
entiable on D, and

dglf()]  dg[f(x)] df(x)
dx df(x)  dx

Proof. Let z=f(x) and ¢ = f(x + h). By the fact that g(z) is differentiable
we can write

glf(x+n)] —g[f(x)] =g(r) —g(2)
=(t-2)g'(z) +o(t—2z2), (4.3)

where, if we recall, the o-notation was introduced in Section 3.3. We then
have

x+h)| — X -z o(t—z —z
UCHm 0] 1oy o) e

(4.4)

As h — 0, t -z, and hence

_ t—z  f(x+h)=f(x) df(x)
lim — = lim = .
h-0 h h—0 h dx

Now, by taking the limits of both sides of (4.4) as & — 0 and noting that

o(t—z o(t—z
lim ( )=lim ( )=O,
h>0 t—2z oz —2Z

we conclude that

dg[f(x)]  df(x) dg[f(x)]
dc  dx  df(x)

O

NoTE 4.1.1.  We recall that f(x) must be continuous in order for f'(x) to
exist. However, if f'(x) exists, it does not have to be continuous. Care should
be exercised when showing that f'(x) is continuous. For example, let us
consider the function

1

2 i —

fx) =7
0, x=0.

x#0,
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Suppose that it is desired to show that f'(x) exists, and if so, to determine if
it is continuous. To do so, let us first find out if f'(x) exists at x = 0:

h) —f(0
(@) = i LSO

1
h? sin—

lim
h—0

lim Asin— =0.
h—0

Thus the derivative of f(x) exists at x =0 and is equal to zero. For x # 0, it is
clear that the derivative of f(x) exists. By applying Theorem 4.1.2 and using
our knowledge of the derivatives of elementary functions, f'(x) can be
written as

1 1
£(x) = 2xsin; —cos;, x#0,

0, x=0.

We note that f'(x) exists for all x, but is not continuous at x = 0, since

lim f'(x) = lim (Zx sin— — cosl)
x—0 x—0 X X
does not exist, because cos(1/x) has no limit as x — 0. However, for any
nonzero value of x, f'(x) is continuous.
If f(x) is a convex function, then we have the following interesting result,
whose proof can be found in Roberts and Varberg (1973, Theorem C,
page 7):

Theorem 4.1.4. If f: (a,b) — R is convex on the open interval (a, b), then
the set S where f'(x) fails to exist is either finite or countable. Moreover,
f'(x) is continuous on (a, b) — S, the complement of S with respect to (a, b).

For example, the function f(x)=|x| is convex on R. Its derivatives does
not exist at x = 0 (why?), but is continuous everywhere else.

The sign of f'(x) provides information about the behavior of f(x) in a
neighborhood of x. More specifically, we have the following theorem:

Theorem 4.1.5. Let f: D — R, where D is an open set. Suppose that
f'(x) is positive at a point x, € D. Then there is a neighborhood N;(x,) €D
such that for each x in this neighborhood, f(x)>f(x,) if x>x,, and
fx) <f(xy) if x <x,.
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Proof. Let e=f'(x,)/2. Then, there exists a > 0 such that

g - e< 2T

<f'(xy) + €

if |x —x,| < 8. Hence, if x > x,,

F(3x) () > ST,

which shows that f(x) > f(x,) since f'(x,) > 0. Furthermore, since

F) =Fx)

X —X,
then f(x) < f(x,) if x <x,. O

If f'(x,) <0, it can be similarly shown that f(x) <f(x,) if x>x,, and
f(x) > f(xy) if x <x,.

4.2. THE MEAN VALUE THEOREM

This is one of the most important theorems in differential calculus. It is also
known as the theorem of the mean. Before proving the mean value theorem,
let us prove a special case of it known as Rolle’s theorem.

Theorem 4.2.1 (Rolle’s Theorem). Let f(x) be continuous on the closed
interval [a, b] and differentiable on the open interval (a, b). If f(a) = f(b),
then there exists a point ¢, a <c <b, such that f'(c) =0.

Proof. Let d denote the common value of f(a) and f(b). Define h(x) =
f(x)—d. Then h(a)=h(b) = 0. If h(x) is also zero on (a, b), then h'(x) =0
for a <x<b and the theorem is proved. Let us therefore assume that
h(x) # 0 for some x € (a, b). Since h(x) is continuous on [a, b] [because f(x)
is], then by Corollary 3.4.1 it must achieve its supremum M at a point ¢ in
[a,b], and its infimum m at a point n in [a,b]. If h(x)>0 for some
x € (a, b), then we must obviously have a < £ <b, because h(x) vanishes at
both end points. We now claim that A'(£)=0. If A'(£)> 0 or <0, then by
Theorem 4.1.5, there exists a point x; in a neighborhood N;(¢) C(a,b) at
which A(x,) > h(£), a contradiction, since h(£) =M. Thus A'(£) = 0, which
implies that f'(£¢) =0, since h'(x) =f'(x) for all x € (a, b). We can similarly
arrive at the conclusion that f'(n) =0 if h(x) <0 for some x € (a, b). In this
case, if h'(n) # 0, then by Theorem 4.1.5 there exists a point x, in a neigh-
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borhood N;(n) c(a, b) at which h(x,) <h(n)=m, a contradiction, since m
is the infimum of A(x) over [a, b].

Thus in both cases, whether #(x) > 0 or <0 for some x € (a, b), we must
have a point ¢, a <c¢ <b, such that f'(¢)=0. O

Rolle’s theorem has the following geometric interpretation: If f(x) satis-
fies the conditions of Theorem 4.2.1, then the graph of y = f(x) must have a
tangent line that is parallel to the x-axis at some point ¢ between a and b.
Note that there can be several points like ¢ inside (a, b). For example, the
function y =x® — 5x% 4 3x — 1 satisfies the conditions of Rolle’s theorem on
the interval [a, b], where a=0 and b= + \/B)/Z. In this case, f(a) =
f(b)= —1, and f'(x) =3x*—10x + 3 vanishes at x =3 and x = 3.

Theorem 4.2.2 (The Mean Value Theorem). If f(x) is continuous on the
closed interval [a, b] and differentiable on the open interval (a, b), then there
exists a point ¢, a <c <b, such that

f(b) =f(a) + (b=a)f'(c).

Proof. Consider the function

®(x) =f(x) —f(a) —A(x—a),

where

_ 1) ~fa)

A
b—a

The function ®(x) is continuous on [a, b] and is differentiable on (a, b),
since ®'(x)=f'(x) —A. Furthermore, ®(a)=>(b)=0. It follows from
Rolle’s theorem that there exists a point ¢, a <c¢ <b, such that ®'(c) = 0.
Thus,

b) —f(a
f'(c)=f—(,3_£( L

which proves the theorem. O

The mean value theorem has also a nice geometric interpretation. If the
graph of the function y = f(x) has a tangent line at each point of its length
between two points P, and P, (see Figure 4.1), then there must be a point Q
between P, and P, at which the tangent line is parallel to the secant line
through P, and P,. Note that there can be several points on the curve
between P, and P, that have the same property as Q, as can be seen from
Figure 4.1.

The mean value theorem is useful in the derivation of several interesting
results, as will be seen in the remainder of this chapter.
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P,

i€ Q 0

Figure 4.1. Tangent lines parallel to the se-
x cant line.

Corollary 4.2.1. If f(x) has a derivative f'(x) that is nonnegative (non-
positive) on an interval (a, b), then f(x) is monotone increasing (decreasing)
on (a,b). If f'(x) is positive (negative) on (a,b), then f(x) is strictly
monotone increasing (decreasing) there.

Proof. Let x, and x, be two points in (a, b) such that x, <x,. By the
mean value theorem, there exists a point x,, x; <x, <x,, such that

f(x2) =F(x;) + (%3 —x1) f'(x0)-

If f'(x,) >0, then f(x,)>f(x;) and f(x) is monotone increasing. Similarly,
if f'(xy) <0, then f(x,) <f(x,) and f(x) is monotone decreasing. If, how-
ever, f'(x) >0, or f'(x) <0 on (a, b), then strict monotonicity follows over
(a,b). O

Theorem 4.2.3. If f(x) is monotone increasing [decreasing] on an interval
(a,b), and if f(x) is differentiable there, then f'(x)=0[f'(x) <0] on (a, b).

Proof. Let x, € (a, b). There exists a neighborhood N.(x,) C(a, b). Then,
for any x € N.(x,) such that x #x,, the ratio

f(x) —f(xp)

X —x,

is nonnegative. This is true because f(x)>f(x,) if x >x, and f(x) < f(x,) if
x <x,. By taking the limit of this ratio as x — x,,, we claim that f'(x,) > 0. To
prove this claim, suppose that f’'(x,) < 0. Then there exists a 6> 0 such that

f(x) = f(x0)

X—XO

1
—f'(x0)| < — Ef’(xo)
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if [x —x,l < 8. It follows that

f(x) =f(x) 1
—_— < <f' <0.

X —x, 2f (xo)
Thus f(x) <f(x,) if x>x,, which is a contradiction. Hence, f'(x,)> 0.
A similar argument can be used to show that f'(x,) <0 when f(x) is
monotone decreasing. O

Note that strict monotonicity on a set D does not necessarily imply that
f'(x)> 0, or f'(x) <0, for all x in D. For example, the function f(x)=x> is
strictly monotone increasing for all x, but f'(0) = 0.

We recall from Theorem 3.5.1 that strict monotonicity of f(x) is a
sufficient condition for the existence of the inverse function f~'. The next
theorem shows that under certain conditions, f~' is a differentiable function.

Theorem 4.2.4. Suppose that f(x) is strictly monotone increasing (or
decreasing) and continuous on an interval [a,b]. If f'(x) exists and is
different from zero at x, € (a, b), then the inverse function ! is differen-
tiable at y, = f(x,) and its derivative is given by

gy _ 1
dy y=yo f,(xO) '

Proof. By Theorem 3.5.2, f~'(y) exists and is continuous. Let x, € (a, b),
and let N.(x,) C(a, b) for some r > 0. Then, for any x € N,(x,),

f_l(Y) _f_l()’o) _ X =X
Y = Yo f(x) =f(x0)
1

") 1]/ (—x) (43)

where y =f(x). Now, since both f and f ' are continuous, then x —x, if
and only if y —»y,. By taking the limits of all sides in formula (4.5), we
conclude that the derivative of f~! at y, exists and is equal to

gy _ 1
dy Y=Yy f’(x()) .

|

The following theorem gives a more general version of the mean value
theorem. It is due to Augustin-Louis Cauchy and has an important applica-
tion in calculating certain limits, as will be seen later in this chapter.
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Theorem 4.2.5 (Cauchy’s Mean Value Theorem). If f(x) and g(x) are
continuous on the closed interval [a,b] and differentiable on the open
interval (a, b), then there exists a point ¢, a < ¢ <b, such that

[£(b) =f(a)]g'(c) = [g(b) —g(a)]f'(c),

Proof. The proof is based on using Rolle’s theorem in a manner similar to
that of Theorem 4.2.2. Define the function (x) as

p(x) = [£(b) —f(x)][g(b) —g(a)] = [f(b) —f(a)][g(b) —g(x)].

This function is continuous on [a, b] and is differentiable on (a, b), since

' (x) = =f'(x)[g(b) —g(a)] +&'(x)[f() —f(a)].

Furthermore, (a) = (b) = 0. Thus by Rolle’s theorem, there exists a point
¢, a <c <b, such that ¢'(c) =0, that is,

—f'(c)[8(b) —g(a)] +g'(c)[f(b) —f(a)] =0. (4.0)

In particular, if g(b) —g(a)#0 and f'(x) and g’'(x) do not vanish at the
same point in (a, b), then formula (4.6) an be written as

f'(e) _ f(b) ~f(a)
g(0)  gb)—g(a)’

An immediate application of this theorem is a very popular method in
calculating the limits of certain ratios of functions. This method is attributed
to Guillaume Francois Marquis de I'Hospital (1661-1704) and is known as
P’Hospital’s rule. Tt deals with the limit of the ratio f(x)/g(x) as x = a when
both the numerator and the denominator tend simultaneously to zero or to
infinity as x — a. In either case, we have what is called an indeterminate
ratio caused by having 0/0 or ®/x as x — a.

Theorem 4.2.6 ('Hospital’s Rule). Let f(x) and g(x) be continuous on
the closed interval [a,b] and differentiable on the open interval (a,b).
Suppose that we have the following:

1. g(x) and g’'(x) are not zero at any point inside (a, b).
2. lim, , - f'(x)/g'(x) exists.
3. f(x)>0and g(x) >0as x >a*,or f(x) »wand g(x) >xas x >a™.

Then,

lim f(x) = lim f(x)
x—>a+g(X) x—>a+g’(x)'
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Proof. For the sake of simplicity, we shall drop the + sign from a* and
simply write x = a when x approaches a from the right. Let us consider the
following cases:

Casel. f(x)—0and g(x)— 0as x — a, where a is finite. Let x € (a, b).
By applying Cauchy’s mean value theorem on the interval [a, x] we get

() f(x) =f(a) _ F(e)
s () -g(@  g(e)

where a <c¢ <x. Note that f(a)=g(a) =0, since f(x) and g(x) are continu-
ous and their limits are equal to zero when x —a. Now, as x —»a,c —a;
hence

B CO N ORI
o g(x)  emagl(e) magl(x)

Case2. f(x)—0and g(x) >0as x> Let z=1/x. As x > »,z—0.
Then

) )
e M) (47)

where f(z)=f(/z) and g,(z) =g(1/z). These functions are continuous
since f(x) and g(x) are, and z+ 0 as z — 0 (see Theorem 3.4.2). Here, we
find it necessary to set f(0)=g,(0)=0 so that f,(z) and g,(z) will be
continuous at z = 0, since their limits are equal to zero. This is equivalent to
defining f(x) and g(x) to be zero at infinity in the extended real number
system. Furthermore, by the chain rule of Theorem 4.1.3 we have

A& =re|- %)

42 =g~ =),

z

If we now apply Case 1, we get

LA _f)
2N a(2) N gi()

(4.8)
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From (4.7) and (4.8) we then conclude that

lim /) = lim f'(x)
eon g(x)  won g'(x)

Case 3. f(x)—> o and g(x)—>o as x—a, where a is finite. Let
lim, , [f'(x)/g'(x)]=L. Then for a given €>0 there exists a 6> 0 such
that a + 6 <b and

f'(x)
g'(x)

if a <x<a + 6. By applying Cauchy’s mean value theorem on the interval
[x,a + 8] we get

- L

<e, (4.9)

f(x) —f(a+3) _['(d)
g(x)—g(a+d) g'(d)’

where x <d <a + 8. From inequality (4.9) we then have

f(x)=fla+5)
g(x) —g(a+9d)
for all x such that a <x <a + 6. It follows that
. f(x)—f(a+50)
b e g+ o)
@ 1 f(at8)/f(x)
x~a g(x) x~a 1 —g(a+8)/8(x)

= lim /()
x=a g(x)

Li<e

since both f(x) and g(x) tend to o« as x — a.

Case 4. f(x)—> o and g(x) — o as x — o, This can be easily shown by
using the techniques applied in Cases 2 and 3.

Case 5. lim,_, , f'(x)/g'(x) =, where a is finite or infinite. Let us
consider the ratio g(x)/f(x). We have that

§'(x) _
f'(x)

lim 0.
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Hence,
cg(x) o g'(x)
lim = lim =
xoa f(x) xoa f1(x)
If A is any positive number, then there exists a 6 > 0 such that

g(x) 1
flx) A7

if a <x<a+ 6. Thus for such values of x,

£(x)
s

which implies that

GO
x~a g(x)

When applying 'Hospital’s rule, the ratio f'(x)/g’(x) may assume the
indeterminate from 0/0 or ® /% as x — a. In this case, higher-order deriva-
tives of f(x) and g(x), assuming such derivatives exist, will be needed. In
general, if the first n — 1 (n > 1) derivatives of f(x) and g(x) tend simultane-
ously to zero or to © as x — a, and if the nth derivatives, f"(x) and g (x),
exist and satisfy the same conditions as those imposed on f'(x) and g'(x) in
Theorem 4.2.6, then

lim f(x) = lim f‘")(x)
e g(x) e (%)
A Historical Note

According to Eves (1976, page 342), in 1696 the Marquis de I'Hospital
assembled the lecture notes of his teacher Johann Bernoulli (1667-1748) into
the world’s first textbook on calculus. In this book, the so-called 'Hospital’s
rule is found. It is perhaps more accurate to refer to this rule as the
Bernoulli-"'Hospital rule. Note that the name I'Hospital follows the old
French spelling and the letter s is not to be pronounced. In modern French
this name is spelled as 'Hopital.

. sinx . cosx
ExampPLE 4.2.1. lim = lim =1.
-0 X x>0 1

This is a well-known limit. It implies that sin x and x are asymptotically
equal, that is, sin x ~x as x — 0 (see Section 3.3).

1—cosx sin x cosx 1
ExaMmPLE 4.2.2. lim 3 = lim = lim = —,
x—0 X -0 2X x=0 2 2

We note here that ’Hospital’s rule was applied twice before reaching the
limit 3.
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X

a
ExampPLE 4.2.3. lim —, where a > 1.

x—>%e X

This is of the form o /% as x — . Since a* =e*°¢%, then

a* e 't (log a)
lim —=lm —— =
x—o X XxX—x© 1
This is also a well-known limit. On the basis of this result it can be shown
that (see Exercise 4.12) the following hold:

ax
1. lim —— =, where a > 1,m> 0.
x—w X

log x

2. lim =0, where m > 0.

x—x X
EXAMPLE 4.24. lim, _ ,+ x*.
This is of the form 0° as x — 0T, which is indeterminate. It can be reduced

to the form 0/0 or « /% so that I'Hospital’srule can apply. To do so we write
x* as

x¥ = exlog X
However,
log x
xlogx = ,
1/x
which is of the form —o /o as x — 0*. By I"'Hospital’s rule we then have
: . 1/x
lim (xlogx)= lim ———
x—=07" x-»0" —1/x
= lim (—x
x—>0+( )
=0.

It follows that

lim x*= lim e*'&~

x—0" x=07"
= exp[ lim (xlogx)
x—=0"

=1.

x+1
ExamPpLE 4.2.5. limxlog( )

xX—® x—1
This is of the form e« X 0 as x — o, which is indeterminate. But
x+1
x+1 IOg x—1
x log =
x—1 1/x
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is of the form 0/0 as x — . Hence,

-2
. x+1 (x—D(x+1)
lim x log = lim ———————
X —w x—l X—®© _1/x
li 2
T (- 101+ 1)
=2.

We can see from the foregoing examples that the use of ’'Hospital’s rule
can facilitate the process of finding the limit of the ratio f(x)/g(x) as x — a.
In many cases, it is easier to work with f'(x)/g’(x) than with the original
ratio. Many other indeterminate forms can also be resolved by I'Hospital’s
rule by first reducing them to the form 0/0 or «/w as was shown in
Examples 4.2.4 and 4.2.5.

It is important here to remember that the application of 'Hospital’s rule
requires that the limit of f'(x)/g’(x) exist as a finite number or be equal to
infinity in the extended real number system as x — a. If this is not the case,
then it does not necessarily follow that the limit of f(x)/g(x) does not exist.
For example, consider f(x)=x?sin(1/x) and g(x)=x. Here, f(x)/g(x)
tends to zero as x — 0, as was seen earlier in this chapter. However, the ratio

f(x) 11

=2xsin— — cos—
g'(x) x

has no limit as x — 0, since it oscillates inside a small neighborhood of the
origin.

4.3. TAYLOR’S THEOREM

This theorem is also known as the general mean value theorem, since it is
considered as an extension of the mean value theorem. It was formulated by
the English mathematician Brook Taylor (1685-1731) in 1712 and has since
become a very important theorem in calculus. Taylor used his theorem to
expand functions into infinite series. However, full recognition of the impor-
tance of Taylor’s expansion was not realized until 1755, when Leonhard
Euler (1707-1783) applied it in his differential calculus, and still later, when
Joseph Louis Lagrange (1736—1813) used it as the foundation of his theory of
functions.

Theorem 4.3.1 (Taylor’s Theorem). If the (n — Dst (n > 1) derivative of
f(x), namely f"~V(x), is continuous on the closed interval [a, b] and the nth
derivative f"(x) exists on the open interval (a, b), then for each x € [a, b]
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we have
Goa
f(x) =f(@) + (x=a)f'(a) + ~—5—F" (@)
e )+( D foe),

where a < é<ux.

Proof. The method to prove this theorem is very similar to the one used
for Theorem 4.2.2. For a fixed x in [a, b] let the function ¢, (¢) be defined as

ROETAOR )ng,,<a>

where a <t <b and

(1) =f(x) —f(t) = (x =) f'(¥)

(x—) ) (x t)'”

The function ,(¢) has the following properties:

o [0, (410)

1. y,(a)=0and ¢, (x)=0.
2. ¢ (¢) is a continuous function of ¢ on [a, b].
3. The derivative of ,(¢) with respect to ¢ exists on (a, b). This derivative

is equal to
01 =g,(0) + %gm
= —f'(0) +f' (1) = (x =) f" (1) + (x = 1) f" (1)
—. ((n_ )2)' fon- 1)([)
I N CED L
O @
I Gt LTV (€ )
e f (1) + o ga(a).



110 DIFFERENTIATION

By applying Rolle’s theorem to ¢,(¢) on the interval [a, x] we can assert
that there exists a value &, a < £<x, such that /(£¢) =0, that is,

(x_f)nfl ) n(x_f)nfl
—Wf( (&) + Wgn(a) =0,
B (x—a)n "
gn(a)——n! fg). (4.11)

Using formula (4.10) in (4.11), we finally get

1) =1(a) + (=) (@) + )
+ .. +%f(”l)(a) + %f(")(f)- (4.12)

This is known as Taylor’s formula. It can also be expressed as

hZ
fla+h) =f(a) +hf'(a) + ;f" ()

n—1 hn
Hot @+ a6, (413)

where h=x—aand 0< 6, < 1. O
In particular, if f(x) has derivatives of all orders in some neighborhood
N.(a) of the point a, formula (4.12) can provide a series expansion of f(x) for

x€N/(a) as n— . The last term in formula (4.12), or formula (4.13), is
called the remainder of Taylor’s series and is denoted by R,,. Thus,

(x—a)"
R, = n—!f( '(€)

hn
= Ef(”)(a + Onh).
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If R, — 0 as n— », then

=ty + £ U o), (414)
o] hn

fa+m) =)+ T ). (4.15)
n=1""

This results in what is known as Taylor’s series. Thus the validity of Taylor’s
series is contingent on having R, — 0 as n — %, and on having derivatives of
all orders for f(x) in N,(a). The existence of these derivatives alone is not
sufficient to guarantee a valid expansion.

A special form of Taylor’s series is Maclaurin’s series, which results when
a = 0. Formula (4.14) then reduces to

e} xﬂ
1(x) =£(0) + T —f"(0). (4.16)
n=1 :
In this case, the remainder takes the form
xl’l
R, = —'f(’”( 6,x). (4.17)
n!

The sum of the first # terms in Maclaurin’s series provides an approxima-
tion for the value of f(x). The size of the remainder determines how close
the sum is to f(x). Since the remainder depends on 6,, which lies in the
interval (0, 1), an upper bound on R, that is free of 6, will therefore be
needed to assess the accuracy of the approximation. For example, let us
consider the function f(x) = cos x. In this case,

nir
f(")(x)=cos(x+ 7), n=1,2,...,

and

F(0) = cos( n;)

10, n odd,
(=D, neven.
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Formula (4.16) becomes

2n

cosx=1+ Z( 1"

- (2n)!
PR 2n
e e G Gyt R
where from formula (4.17) R,, ., is
x2n 2n+ 1)
Rypir = Qa1 s Oppir X+ ————

An upper bound on |R,, | is then given by

|X| 2n+1

R < —.
| 2n+l| (2 +1)'

Therefore, the error of approximating cos x with the sum
2 4 L 2n

_1_x_+x__ +(_)(2)'

21 41
does not exceed |x|*"*! /Qn +1)!, where x is measured in radians. For
example, if x=7/3 and n =3, the sum

x?  x* x°

S6=1—7 5—5_049996

approximates cos(7/3) with an error not exceeding

x|’

—— =0.00027.
7!

The true value of cos(w/3) is 0.5.

4.4. MAXIMA AND MINIMA OF A FUNCTION

In this section we consider the problem of finding the extreme values of a
function y =f(x) whose derivative f’(x) exists in any open set inside its
domain of definition.
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Definition 4.4.1. A function f: D — R has a local (or relative) maximum
at a point x,€D if there exists a 6> 0 such that f(x)<f(x,) for all
x € N5j(x,) N D. The function f has a local (or relative) minimum at x, if
f(x) > f(x,) for all x € N;(x,) N D. Local maxima and minima are referred to
as local optima (or local extrema). O

Definition 4.4.2. A function f: D — R has an absolute maximum (mini-
mum) over D if there exists a point x* € D such that f(x) <f(x*)f(x) >
f(x*)] for all x € D. Absolute maxima and minima are called absolute optima
(or extrema). O

The determination of local optima of f(x) can be greatly facilitated if f(x)
is differentiable.

Theorem 4.4.1. Let f(x) be differentiable on the open interval (a, b). If
f(x) has a local maximum, or a local minimum, at a point x, in (a, b), then

f'(xy)=0.

Proof. Suppose that f(x) has a local maximum at x,. Then, f(x) <f(x,)
for all x in some neighborhood Nj(x,) C (a, b). It follows that

f(x) =f(xy) [ <0 if x>x,,

X—Xx, >0 if x<x,, (4.18)

for all x in Ns(x,). As x —»x{, the ratio in (4.18) will have a nonpositive
limit, and if x = x;, the ratio will have a nonnegative limit. Since f'(x,)
exists, these two limits must be equal and equal to f'(x,) as x —x,. We
therefore conclude that f'(x,) =0. The proof when f(x) has a local mini-
mum is similar. O

It is important here to note that f’'(x,) =0 is a necessary condition for a
differentiable function to have a local optimum at x,. It is not, however, a
sufficient condition. That is, if f'(x,) =0, then it is not necessarily true that
x, is a point of local optimum. For example, the function f(x)=x> has a
zero derivative at the origin, but f(x) does not have a local optimum there
(why not?). In general, a value x, for which f'(x,) =0 is called a stationary
value for the function. Thus a stationary value does not necessarily corre-
spond to a local optimum.

We should also note that Theorem 4.4.1 assumes that f(x) is differen-
tiable in a neighborhood of x,. If this condition is not fulfilled, the theorem
ceases to be true. The existence of f'(x,) is not prerequisite for f(x) to have
a local optimum at x,. In fact, f(x) can have a local optimum at x, even if
f'(x,) does not exist. For example, f(x)=|x| has a local minimum at x = 0,
but f'(0) does not exist.
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We recall from Corollary 3.4.1 that if f(x) is continuous on [a, b], then it
must achieve its absolute optima at some points inside [a, b]. These points
can be interior points, that is, points that belong to the open interval (a, b),
or they can be end (boundary) points. In particular, if f'(x) exists on (a, b),
to determine the locations of the absolute optima we must solve the equation
f'(x) =0 and then compare the values of f(x) at the roots of this equation
with f(a) and f(b). The largest (smallest) of these values is the absolute
maximum (minimum). In the event f'(x)#0 on (a,b), then f(x) must
achieve its absolute optimum at an end point.

4.4.1. A Sufficient Condition for a Local Optimum

We shall make use of Taylor’s expansion to come up with a sufficient
condition for f(x) to have a local optimum at x = x,,.

Suppose that f(x) has n derivatives in a neighborhood N;(x,) such that
Fx)=f"(x) = =f""D(x,) =0, but f*(x,)# 0. Then by Taylor’s the-
orem we have

hn
f(x) =f(x) + Ef(n)(xo +60,h)

for any x in Nj(x,), where h =x —x, and 0 < 6, <1. Furthermore, if we
assume that f”(x) is continuous at x,, then

FP(xo+ 6,h) =f(xy) +o(1),

where, as we recall from Section 3.3, 0(1) > 0 as & — 0. We can therefore
write

h}’l
() =fxg) =~ (x0) +o(h"). (4.19)

In order for f(x) to have a local optimum at x,, f(x) —f(x,) must have the
same sign (positive or negative) for small values of % inside a neighborhood
of 0. But, from (4.19), the sign of f(x) —f(x,) is determined by the sign of
h"f"(x,). We can then conclude that if n is even, then a local optimum is
achieved at x,. In this case, a local maximum occurs at x, if f"(x,) <0,
whereas f(x,)> 0 indicates that x, is a point of local minimum. If,
however, n is odd, then x, is not a point of local optimum, since f(x) — f(x,)
changes sign around x,. In this case, the point on the graph of y=f(x)
whose abscissa is x, is called a saddle point.

In particular, if f'(x,) =0 and f"(x,) #0, then x, is a point of local
optimum. When f"(x,) <0, f(x) has a local maximum at x,, and when
f"(xy) >0, f(x) has a local minimum at x,,.
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ExamPLE 4.4.1. Let f(x)=2x°—3x?>—12x+ 6. Then f'(x)=6x>—6x
—12=0at x=—1,2, and

" _J12x—-6=—-18 atx=—1,
f(x)_{IS at x=2.
We have then a local maximum at x = —1 and a local minimum at x = 2.

ExaMPLE 4.4.2. f(x)=x*— 1. In this case,
f(x)=4x>=0 atx=0,
f(x)=12x*=0 atx=0,
f"(x)=24x=0 atx=0,

FO(x) =24.

Then, x =0 is a point of local minimum.
EXAMPLE 4.4.3. Consider f(x) = (x + 5)*(x* — 10). We have

Fr(x) =5(x+5)(x—1)(x+2)%

f7(x) =10(x+2)(2x*+8x — 1),

F7(x) = 10(6x% + 24x + 15).
Here, f'(x)=0at x= —5, —2, and 1. At x = —5 there is a local maximum,
since f"(—5)= —270<0. At x =1 we have a local minimum, since f”(1) =

270 > 0. However, at x = —2 a saddle point occurs, since f"(—2)=0 and
f"(=2)=—-90+0.

ExaMPLE 4.4.4. f(x)=Qx+1)/(x+4),0<x<5. Then

f(x)=7/(x+4)".

In this case, f'(x) does not vanish anywhere in (0,5). Thus f(x) has no local
maxima or local minima in that open interval. Being continuous on [0, 5],
f(x) must achieve its absolute optima at the end points. Since f'(x) >0, f(x)
is strictly monotone increasing on [0,5] by Corollary 4.2.1. Its absolute
minimum and absolute maximum are therefore attained at x =0 and x =5,
respectively.

4.5. APPLICATIONS IN STATISTICS

Differential calculus has many applications in statistics. Let us consider some
of these applications.



116 DIFFERENTIATION

4.5.1. Functions of Random Variables

Let Y be a continuous random variable whose cumulative distribution
function is F(y)=P(Y <y). If F(y) is differentiable for all y, then its
derivative F'(y) is called the density function of Y and is denoted by f(y).
Continuous random variables for which f(y) exists are said to be absolutely
continuous.

Let Y be an absolutely continuous random variable, and let W be another
random variable which can be expressed as a function of Y of the form
W = ¢s(Y). Suppose that this function is strictly monotone and differentiable
over its domain. By Theorem 3.5.1, ¢ has a unique inverse ¢!, which is also
differentiable by Theorem 4.2.4. Let G(w) denote the cumulative distribution
function of W.

If ¢ is strictly monotone increasing, then

G(w) =P(W=w) =P[Y<y ' (w)| =F[y""(w)].
If it is strictly monotone decreasing, then
G(w) =P(W<w) =P[Y>y~'(w)] =1 - F[4~ ()]

By differentiating G(w) using the chain rule we obtain the density function
g(w) for W, namely,

dF[y' (w)] dy'(w)
diy ' (w) dw

a2 (4.20)

if ¢ is strictly monotone increasing, and

dF[ =" (w)] dy~" (w)
dyt(w) dw

) el (421)

if  is strictly monotone decreasing. By combining (4.20) and (4.21) we
obtain

g(w) =

g(w) =~

g(w)=f[v

][22 (42)

For example, suppose that Y has the uniform distribution U(0,1) whose
density function is

0<y<1,

elsewhere.

f00={§
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Let W= —logY. Using formula (4.22), the density function of W is given by

0<w<oo,
elsewhere.

s =0

The Mean and Variance of W = (Y)

The mean and variance of the random variable W can be obtained by using
its density function:

E(W)= f:owg(w) dw,
Var(W) =E[W—-E(W)]’
= [ Tw=E)*g(w) dw.

In some cases, however, the exact distribution of Y may not be known, or
g(w) may be a complicated function to integrate. In such cases, approximate
expressions for the mean and variance of W can be obtained by applying
Taylor’s expansion around the mean of Y, u. If we assume that " (y) exists,
then

() =9 () +(y—m)'(n) +o(y—p).

If o(y — w) is small enough, first-order approximations of E(W) and Var(W)
can be obtained, namely,

E(W) = (), since E(Y—u)=0; Var(W)=o?[¢'(n)]’, (423)
where o?=Var(Y), and the symbol =~ denotes approximate equality. If
o(y —u) is not small enough, then higher-order approximations can be

utilized provided that certain derivatives of #(y) exist. For example, if " (y)
exists, then

W) =)+ (=)' () +3(r—n)’v () +o[(y -]

In this case, if o[(y — w)*]is small enough, then second-order approximations
can be obtained for E(W) and Var(W) of the form

E(W)=y¢(p)+30%"(pn), since E(Y— M)z =02,

Var(W) = E{Q(Y) _E[Q(Y)]}z’
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where

Q(Y) =y () +(Y=p)o'(p) +5(Y—n)¢" ().
Thus,

Var(W) = o> [¢'( w)]* + [ (w)]* Var[ (¥ = n)’]
(e (WE[(Y = )],
Variance Stabilizing Transformations

One of the basic assumptions of regression and analysis of variance is the
constancy of the variance o ? of a response variable Y on which experimental
data are obtained. This assumption is often referred to as the assumption of
homoscedasticity. There are situations, however, in which ¢ is not constant
for all the data. When this happens, Y is said to be heteroscedastic.
Heteroscedasticity can cause problems and difficulties in connection with the
statistical analysis of the data (for a survey of the problems of heteroscedas-
ticity, see Judge et al., 1980).

Some situations that lead to heteroscedasticity are (see Wetherill et al.,
1986, page 200):

i. The Use of Averaged Data. In many experimental situations, the data
used in a regression program consist of averages of samples that are
different in size. This happens sometimes in survey analysis.

ii. Variances Depending on the Explanatory Variables. The variance of an
observation can sometimes depend on the explanatory (or input)
variables in the hypothesized model, as is the case with some econo-
metric models. For example, if the response variable is household
expenditure and one explanatory variable is household income, then
the variance of the observations may be a function of household
income.

iii. Variances Depending on the Mean Response. The response variable Y
may have a distribution whose variance is a function of its mean, that
is, 02 =h( ), where u is the mean of Y. The Poisson distribution, for
example, has the property that o= u. Thus as u changes (as a
function of some explanatory variables), then so will o 2. The following
example illustrates this situation (see Chatterjee and Price, 1977, page
39): Let Y be the number of accidents, and x be the speed of
operating a lathe in a machine shop. Suppose that a linear relationship
is assumed between Y and x of the form

Y=8,+Bx+e,

where € is a random error with a zero mean. Here, Y has the Poisson
distribution with mean w = B, + B,x. The variance of Y, being equal
to u, will not be constant, since it depends on x.
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Heteroscedasticity due to dependence on the mean response can be
removed, or at least reduced, by a suitable transformation of the response
variable Y. So let us suppose that o?=h(u). Let W= (Y). We need to
find a proper transformation ¢ that causes W to have almost the constant
variance property. If this can be accomplished, then ¢ is referred to as a
variance stabilizing transformation.

If the first-order approximation of Var(W) by Taylor’s expansion is ade-
quate, then by formula (4.23) we can select ¢ so that

h(w)[v'(w)]° =c, (4.24)

where ¢ is a constant. Without loss of generality, let ¢ = 1. A solution of
(4.24) is given by

du
lP(M):fW-

Thus if W= (Y), then Var(W) will have a variance approximately equal to
one. For example, if A( w) = u, as is the case with the Poisson distribution,
then

d
w(u)=ff:j=2\/ﬁ-

Hence, W =2VY will have a variance approximately equal to one. (In this
case, it is more common to use the transformation W= VY which has a
variance approximately equal to 0.25). Thus in the earlier example regarding
the relationship between the number of accidents and the speed of operating
a lathe, we need to regress VY against x in order to ensure approximate
homosecdasticity.

The relationship (if any) between o* and p may be determined by
theoretical considerations based on a knowledge of the type of data used—for
example, Poisson data. In practice, however, such knowledge may not be
known a priori. In this case, the appropriate transformation is selected
empirically on the basis of residual analysis of the data. See, for example, Box
and Draper (1987, Chapter 8), Montgomery and Peck (1982, Chapter 3). If
possible, a transformation is selected to correct nonnormality (if the original
data are not believed to be normally distributed) as well as heteroscedasticity.
In this respect, a useful family of transformations introduced by Box and Cox
(1964) can be used. These authors considered the power family of transfor-
mations defined by

2

_ (Y*—=1)/A, A#0,

v(Y) logY, A=0.
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This family may only be applied when Y has positive values. Furthermore,
since by ’Hospital’s rule

Yr—1
lim = lim Y* logY =logY,
A0 A A—0

the Box—Cox transformation is a continuous function of A. An estimate of A
can be obtained from the data using the method of maximum likelihood (see
Montgomery and Peck, 1982, Section 3.7.1; Box and Draper, 1987, Section
8.4).

Asymptotic Distributions

The asymptotic distributions of functions of random variables are of special
interest in statistical limit theory. By definition, a sequence of random
variables {Y,),_, converges in distribution to the random variable Y if

lim F,(y) =F(y)

at each point y where F(y) is continuous, where F,(y) is the cumulative
distribution function of Y, (n=1,2,...) and F(y) is the cumulative distribu-
tion function of Y (see Section 5.3 concerning sequences of functions). This
form of convergence is denoted by writing

d
Y, —-Y.

An illustration of convergence in distribution is provided by the well-known
central limit theorem. 1t states that if {Y,}_, is a sequence of independent and
identically distributed random variables with common mean and variance, u
and o2, respectively, that are both finite, and if Y, = ¥7_,Y;/n is the sample
mean of a sample size n, then as n — o,

Y, —p

n

0'/\/?7

d
- Z,

where Z has the standard normal distribution N(0, 1).
An extension of the central limit theorem that includes functions of
random variables is given by the following theorem:

Theorem 4.5.1. Let {Y,};_, be a sequence of independent and identically
distributed random variables with mean w and variance o ? (both finite), and
let Y, be the sample mean of a sample of size n. If y(y) is a function whose
derivative ¢'(y) exists and is continuous in a neighborhood of w such that
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¥'(w) #0, then as n — oo,

v(Y) —v(m)
oy (m)l/Vn
Proof. See Wilks (1962, page 259). m|

On the basis of Theorem 4.5.1 we can assert that when n is large enough,
() is approximately distributed as a normal variate with a mean ¢( u) and
a standard deviation (o/Vn)|y'(w)l. For example, if (y)=y?, then as
n— OO’

Yi-u g

n

P4z
2lulo/Vn

4.5.2. Approximating Response Functions

Perhaps the most prevalent use of Taylor’s expansion in statistics is in the
area of linear models. Let Y denote a response variable, such as the yield of
a product, whose mean u(x) is believed to depend on an explanatory (or
input) variable x such as temperature or pressure. The true relationship
between u and x is usually unknown. However, if u(x) is considered to have
derivatives of all orders, then it is possible to approximate its values by using
low-order terms of a Taylor’s series over a limited range of interest. In this
case, u(x) can be represented approximately by a polynomial of degree d
(= 1) of the form

d
n(x) =B+ X B/,

j=1

where B, By,--., B; are unknown parameters. Estimates of these parame-
ters are obtained by running n (>d + 1) experiments in which n observa-
tions, y,, y,,...,y,, on Y are obtained for specified values of x. This leads us
to the linear model

d
Vi=Bot+ L Bxlte, i=12,...,n, (4.25)
j=1

where ¢; is a random error. The method of least squares can then be used to
estimate the unknown parameters in (4.25). The adequacy of model (4.25) to
represent the true mean response u(x) can be checked using the given data
provided that replicated observations are available at some points inside the
region of interest. For more details concerning the adequacy of fit of linear
models and the method of least squares, see, for example, Box and Draper
(1987, Chapters 2 and 3) and Khuri and Cornell (1996, Chapter 2).
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4.5.3. The Poisson Process

A random phenomenon that arises through a process which continues in time
(or space) in a manner controlled by the laws of probability is called a
stochastic process. A particular example of such a process is the Poisson
process, which is associated with the number of events that take place over a
period of time—for example, the arrival of customers at a service counter, or
the arrival of a-rays, emitted from a radioactive source, at a Geiger counter.

Define p,(t) as the probability of n arrivals during a time interval of
length t. For a Poisson process, the following postulates are assumed to hold:

1. The probability of exactly one arrival during a small time interval of
length 4 is approximately proportional to 4, that is,

pi(h)=Ah+o(h)

as h — 0, where A is a constant.

2. The probability of more than one arrival during a small time interval of
length & is negligible, that is,

X pu(h) =o(h)

n>1

as h — 0.

3. The probability of an arrival occurring during a small time interval
(¢, ¢+ h) does not depend on what happened prior to ¢. This means that
the events defined according to the number of arrivals occurring during
nonoverlapping time intervals are independent.

On the basis of the above postulates, an expression for p,(¢) can be found
as follows: For n > 1 and for small # we have approximately

Pu(t+h) =p,(t)po(h) +p, (1) pi(h)
=p()[1 = A +o(h)] +p,_(t)[ AR +o(h)], (4.26)

since the probability of no arrivals during the time interval (¢,¢+h) is
approximately equal to 1 — p,(h). For n =0 we have

po(t+h)=py(t)py(h)

=po()[1—Ah +o(h)]. (4.27)
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From (4.26) and (4.27) we then get for n > 1,

DO | as B2 s a L2 |

and for n =0,
Po(t"'h})l —po(1) —po(D)| =1+ O(h_h)}

By taking the limit as # — 0 we obtain the derivatives
pu(1) = =Ap, (1) + Ap,_i(1),  n=1 (4.28)
Po(t) = =Apy(1). (4.29)

From (4.29) the solution for p,(¢) is given by
po(t) =e™™, (4.30)

since p,(t)=1 when =0 (that is, initially there were no arrivals). By
substituting (4.30) in (4.28) when n =1 we get

pi(1) = —Ap,(1) + Ae M. (4.31)
If we now multiply the two sides of (4.31) by e we obtain
eMp'(t) + Apy(t)e = A,
or
[eMpl(t)]’ = A
Hence,
eMp,(t) =AM +c,

where ¢ is a constant. This constant must be equal to zero, since p,(0) = 0.
We then have

pi(1) = Ate™ M.

By continuing in this process and using equation (4.28) we can find p,(¢),
then p,(¢),..., etc. In general, it can be shown that

e M(t)"

—, n=0,1,2,.... (4.32)
n.

Pa(t) =
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In particular, if £ =1, then formula (4.32) gives the probability of n arrivals
during one unit of time, namely,

e*An

p,(1) = Y n=0,1,....

This gives the probability mass function of a Poisson random variable with
mean A.

4.5.4. Minimizing the Sum of Absolute Deviations

Consider a data set consisting of n observations y,,y,,...,y,. For an
arbitrary real number «a, let D(a) denote the sum of absolute deviations of
the data from a, that is,

D(a)= X by —al.

For a given a, D(a) represents a measure of spread, or variation, for the data
set. Since the value of D(a) varies with a, it may be of interest to determine
its minimum. We now show that D(a) is minimized when a = u*, where u*
denotes the median of the data set. By definition, u* is a value that falls in
the middle when the observations are arranged in order of magnitude. It is a
measure of location like the mean. If we write y;) <y, < - <y, for the
ordered y,’s, then when n is odd, w* is the unique value y, .4 ; Whereas
when n is even, u* is any value such that y, » < u* <y, .1 In the latter
case, u* is sometimes chosen as the middle of the interval.

There are several ways to show that u* minimizes D(a). The following
simple proof is due to Blyth (1990):

On the interval y,, <a <y, k=1,2,...,n—1, we have

n

D(a) = Z |Y(l) al

i=1

=~

1(“ Y(z))"' Z (Y(z) a)

i=k+1

i
k n
=ka — ZY(i)"' > Yoy~ (n—k)a.
i=1 i=k+1

The function D(a) is continuous for all a and is differentiable everywhere
except at y,, ¥,,...,¥,. For a#y, (i=1,2,...,n), the derivative D'(a) is
given by

D'(a) =2(k—n/2).
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If k#n/2, then D'(a)#0 on (yy), Y1) and by Corollary 4.2.1, D(a)
must be strictly monotone on [y, v+l k=1,2,...,n— 1.

Now, when n is odd, D(a) is strictly monotone decreasing for a <
Y2412, because D'(a) <0 over (Y, V1)) for k<n/2. It is strictly
monotone increasing for @ >y, 5.1, , because D'(a) >0 over (Y, Yx+1y)
for k >n/2. Hence, u* =y, 5.1, is a point of absolute minimum for D(a).
Furthermore, when n is even, D(a) is strictly monotone decreasing for
a <Y, ;2 because D'(a) <0 over (Y, V1)) for k<n/2. Also, D(a) is
constant over (Y, 2, ¥ s2+1y)> because D'(a) =0 for k =n/2, and is strictly
monotone increasing for a >y, .y, because D'(a) > 0 over (), Y+ 1)) for
k > n /2. This indicates that D(a) achieves its absolute minimum at any point
p* such that y, » < u* <y, 1), which completes the proof.
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EXERCISES

In Mathematics

4.1.

4.2.

4.3.

4.4.

4.5.

4.6.

Let f(x) be defined in a neighborhood of the origin. Show that if f'(0)
exists, then

li
h—0 2

h) —=f(—h
w [ IRy

Give a counterexample to show that the converse is not true in general,
that is, if the above limit exists, then it is not necessary that f'(0) exists.

Let f(x) and g(x) have derivatives up to order n on [a,b]. Let
h(x) =f(x)g(x). Show that

h(n)(x) - kio (Z)f(k)(x)g(n—k)(x).

(This is known as Leibniz’s formula.)

Suppose that f(x) has a derivative at a point x,, a <x, <b. Show that
there exists a neighborhood Nj(x,) and a positive number A such that

| £(x) =f(x0) [ <Alx = x,|
for all x € Ny(x,), x #x,.

Suppose that f(x) is differentiable on (0,%) and f'(x) = 0 as x — .
Let g(x) =f(x+ 1) —f(x). Prove that g(x) > 0 as x — o,

Let the function f(x) be defined as

x3—=2x, x>1,
x =
/(o) {axz—bx+1, x <1.

For what values of @ and b does f(x) have a continuous derivative?

Suppose that f(x) is twice differentiable on (0,). Let m, m,,m, be
the least upper bounds of |f(x)|, |f'(x)I, and [f"(x)|, respectively, on
(0, ).
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4.7.

4.8.

4.9.

4.10.

4.11.

4.12.

4.13.

4.14.

DIFFERENTIATION

(a) Show that
i mO
lf'(x)|< h + hm,

for all x in (0,%) and for every A > 0.
(b) Deduce from (a) that

2
mi <4mym,.

Suppose that lim, _, , f'(x) exists. Does it follow that f(x) is differen-
tiable at x,? Give a proof to show that the statement is correct or
produce a counterexample to show that it is false.

Show that D(a) = X}_,|y; —al has no derivatives with respect to a at
YirYaseees Yy

Suppose that the function f(x) is such that f'(x) and f"(x) are
continuous in a neighborhood of the origin and satisfies f(0) = 0. Show
that

lim

A [f(x)
x—0 dx

1 "
—} =2/

Show that if f'(x) exists and is bounded for all x, then f(x) is
uniformly continuous on R, the set of real numbers.

Suppose that g: R — R and that |g'(x)| <M for all x € R, where M is
a positive constant. Define f(x)=x + cg(x), where ¢ is a positive
constant. Show that it is possible to choose ¢ small enough so that f is
a one-to-one function.

Suppose that f(x) is continuous on [0, %), f'(x) exists on (0, %), f(0) = 0,
and f'(x) is monotone increasing on (0,). Show that g(x) is mono-
tone increasing on (0, %) where g(x) = f(x)/x.

Show that if @ > 1 and m > 0, then
(a) lim,_ (a*/x™) = o,
() lim, _, [(log x)/x™]=0.

Apply 'Hospital’s rule to find the limit

X

1
lim (1 + —
X—® X
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4.15.

4.16.

4.17.

4.18.

4.19.

4.20.

4.21.

4.22.

(a) Find lim  _, ,+(sin x)*.
(b) Find lim _, ,+(e™/*/x).

Show that

lim [1+ax +o(x)]"* =e,

x—0

where a is a constant and o(x) is any function whose order of
magnitude is less than that of x as x — 0.

Consider the functions f(x)=4x?+ 6x*>—10x+2 and g(x)=3x*+
4x®—5x*+ 1. Show that

r'x) | =10
g'(x) (1) —5(0)

for any x € (0,1). Does this contradict Cauchy’s mean value theorem?

Suppose that f(x) is differentiable for a <x <b. If f'(a) <f'(b) and vy
is a number such that f'(a) < y<[f'(b), show that there exists a &,
a < £<b, for which f'(£)= v [a similar result holds if f'(a)> f'(b)].
[ Hint: Consider the function g(x)=f(x)— y(x —a). Show that g(x)
has a minimum at £.]

Suppose that f(x) is differentiable on (a, b). Let x;, x,,...,x, be in
(a,b), and let A, A,,..., A, be positive numbers such that X7 A, = 1.
Show that there exists a point ¢ in (a, b) such that

il NI(x) =f'(¢).

[ Note: This is a generalization of the result in Exercise 4.18.]

Let x;,x,,...,x, and y.,¥,,...,¥, be in (a,b) such that x; <y, (i =
1,2,...,n). Show that if f(x) is differentiable on (a,b), then there
exists a point ¢ in (a, b) such that

[f(yi) _f(xi)] =f'(¢) X (yi—x)-
- i=1

i=1

Give a Maclaurin’s series expansion of the function f(x)=log(1 +x).

Discuss the maxima and minima of the function f(x) = (x* + 3) /(x* + 2).
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4.23.

4.24.

DIFFERENTIATION
Determine if f(x)=e3*/x has an absolute minimum on (0, «).
For what values of a and b is the function

f(x) =

bounded on the interval [—1,1]? Find the absolute maximum on that
interval.

x> 4+ax+b

In Statistics

4.25.

4.26.

4.27.

4.28.

4.29.

Let Y be a continuous random variable whose cumulative distribution
function, F(y), is strictly monotone. Let G(y) be another strictly
monotone, continuous cumulative distribution function. Show that the
cumulative distribution function of the random variable G~ [ F(Y)] is
G(y).

Let Y have the cumulative distribution function

l—e”, y>0,
F» =1y y <0.

Find the density function of W =Y.

Let Y be normally distributed with mean 1 and variance 0.04. Let
W=Y?.

(a) Find the density function of W.

(b) Find the exact mean and variance of W.

(¢) Find approximate values for the mean and variance of W using
Taylor’s expansion, and compare the results with those of (b).

Let Z be normally distributed with mean 0 and variance 1. Let Y= Z2.
Find the density function of Y.
[ Note: The function (z) =z is not strictly monotone for all z.]

Let X be a random variable that denotes the age at failure of a
component. The failure rate is defined as the probability of failure in a
finite interval of time, say of length A, given the age of the component,
say x. This failure rate is therefore equal to

P(x<X<x+h|lX=>x).

Consider the following limit:

1
lim —P(x<X<x+h|X=x).
Jim — (x X | x)
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4.30.

If this limit exists, then it is called the hazard rate, or instantaneous

failure rate.

(a) Give an expression for the failure rate in terms of F(x), the
cumulative distribution function of X.

(b) Suppose that X has the exponential distribution with the cumula-
tive distribution function

F(x)=1—e/", x>0,

where o is a positive constant. Show that X has a constant hazard
rate.

(c) Show that any random variable with a constant hazard rate must
have the exponential distribution.

Consider a Poisson process with parameter A over the interval (0, 7).
Divide this interval into n equal subintervals of length 4 =¢/n. We
consider that we have a “success” in a given subinterval if one arrival
occurs in that subinterval. If there are no arrivals, then we consider that
we have a “failure.” Let Y, denote the number of “successes” in the n
subintervals of length 4. Then we have approximately

PO =) =M =p)" L =0,

where p, is approximately equal to Ak = At/n. Show that

. e M(Ar)'
lim P(Y,=r)= ———

n—o r!



